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Abstract

In anunobservableregime-switchingmodel,investors'learningof thestateof futurerealfunda-

mentalsfrom currentin�ation leadsto dramaticvariationin assetvaluationsandis ableto partially

resolve � ve credit risk puzzles:(i) thehigh level of creditspreadsfor �rms with averagesolvency

ratiosandvolatility calibratedto their creditrating,(ii) thehighvolatility of creditspreads,(iii) the

positive andslow responseof credit spreadsto shocksin the short rate(the `momentum'effect),

(iv) theinability of default risk measuresto explain thevariationin corporatebondreturns,and(v)

thechangingsign of the risk-returnrelationshipfor corporatebondexcessreturnsacrossthepast

threedecades.
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1 Intr oduction

Intuition developedin pricing optionsled to the developmentof the structuralform approachfor

thepricingof risky corporatedebt.Theapproachhasbeenusefulin understandingtheimplications

of the �rm' s capitalstructure,andthevalueandvolatility of its assetvalueprocesson thepricing

of risky corporatedebt.1 In summary, theapproachassumesthata �rm defaultson all its liabilities

when the value of its assetsat maturity is below a threshold. The approachhasled to a recent

revolutionin measuringandmanagingcreditrisk with thefocusshiftingfrom traditionalaccounting

basedmeasuresof creditrisk to market-basedmeasuresthatusetheinformationonassetvaluesand

their volatilities.

However, recentempiricaltestingof the structuralform model family hascastdoubtson the

usefulnessof the approach. Elton, Gruber, Agrawal, and Mann (2001) found that measuresof

expecteddefault lossesbasedonempiricalfrequenciesof default implicit in creditratingsexplaina

smallproportionof creditspreads.Extendingthislogic,HuangandHuang(2003)calibratedvarious

structuralform modelsto matchtheaverage leverageratiosof bondof differentratingcategories,

andin additionchosefreeparametersto matchthehistoricaldefaultprobabilitiesandrecoveryrates

on defaultedbonds,andfoundthatthemodel-generatedspreadaccountsfor lessthana �fth of the

totalspreadoverTreasuriesoninvestment-gradecorporatebonds.Thisproblemhasbeencalledthe

credit spreadspuzzle. In addition,Chen,Collin-Dufrense,andGoldstein(2005)point out that the

standardstructuralform modelalsohasdif�culty in explainingthehigh observedvolatility in time

seriesof creditspreads.

In additionto having problemsin �tting thelevel andvolatility of spreads,threestrandsof the

recentliteraturesuggestthatstandardstructuralform modelsmaybelackingin explainingaspects

of thedynamicsof thecreditrisk premium.First,asseenin thetoppanelof Figure1, creditspreads

respondpositively to lagsin shortinterestrates. Indeed,mostperiodsof enhancedspreadsin the

pastforty yearshavebeenprecededby boutsof risingshortrates.2 If in�ation wasnotapricedrisk

factor, thenan implicationof the structuralform modelis that a rise in the treasuryyield, ceteris

1Sincetheseminalwork of Merton(1974)andBlack andCox (1976),several importantcontributionshave been
madewithin the generalizedstructuralform framework. I do not attemptan exhaustive survey of the pricing
literature,but notably, thefollowing papershavegeneralizedthepricingproblemin interestingdirections:Bren-
nanandSchwartz (1984),Leland(1994),Longstaff andSchwartz (1995),LelandandToft (1996),andCollin-
DufrenseandGoldstein(2001). Thereis alsoanextensive developingliteratureon thereducedform approach
which hasofferedmore�e xibility for empiricalwork on credit risk startingwith Duf�e andSingleton(1999),
andmorerecentlysomehybridmodelsthathavefeaturesof bothapproaches(see,e.g.Mamaysky 2002)

2A notableexceptionis theincreasein spreadsin 1998following theRussiangovernmentdefault andtheLTCM
crisis. While variouscontagionchannelshave beensuggestedfor the increasein credit spreadsfrom Russiato
spill over to theU.S.market, thedefault in Russiaitself wasprecededby a resurgencein in�ation in 1997and
early1998.
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paribus, will increasethedrift of theassetvalueprocessof the�rm undertherisk-neutralmeasure,

hencelowering the likelihoodof default, andlowering theyield on the �rm' s risky bonds(this is

calledthedirecteffect) (see,e.g.,Longstaff andSchwartz1995).In addition,aswewill see,credit

spreadsexhibit a `momentum'effect: theimpulseresponseof creditspreadsto shocksto theshort

rateis positive andstatisticallysigni�cant for up to ten quarters.If a rise in theshortratewasto

signalachangein creditrisk, andmarketswereef�cient, thenwewouldexpectto seeanimmediate

changein thecreditspreadfollowing arateshock.Therefore,evenif interestrateswereincludedas

anadditionalstatevariablein a generalizedstructuralform model,it would bestrainedto explain

theobservedslow adjustment.

Second,doubtshave arisenwhetherthe modelcanexplain the time variationsin systematic

risk in ratingsbasedindexesof corporatebondreturns.Elton, Gruber, Agrawal, andMann(2001)

report that returnson corporatebondsseemto be unrelatedto several measuresof default risk.

Instead,they foundthatstandardmeasuresof systematicrisk, for examplethe threeFama-French

(FF) factors,provide signi�cant explanatorypower for corporatebondreturns. This �nding puts

into seriousdoubtourunderstandingof creditrisk andits relationshipto market risk.

Third, in astylizedfactthatis uncoveredin thispaper, therisk-rewardrelationshipfor corporate

bondexcessreturnsis unstableover time. UsingastandardGARCHframework, wedocumentthat

the relationshipmoved from beingsigni�cantly negative in the1970s,lessnegative in the1980s,

to positive in the1990s.Researchershave beenunableto agreeon thesignof therelationshipfor

stocks(for asurvey seeScruggs1998).Thesimplestructuralform modelasformulatedin Merton

(1974),implies that the relationshipshouldbepositive for defaultablebonds:increasedvolatility

of the �rm' s assetsshouldmake the pricesof its bondsmorevolatile, andwith a positive market

priceof risk, shouldleadto higherexpectedreturnson thesebonds.Therefore,not only is thesign

a puzzle,but explaining why it shouldchangeacrossdecadesis clearly beyond the scopeof the

simpleone-factorcanonicalstructuralform model.

To addressthesepuzzlingphenomena,we constructa generalizationof Merton's basicstruc-

tural form model,with threedistinctive features.The�rst key aspectof ourmodelis its unobserved

regime-switchingstructurefor fundamentals.Drifts of in�ation andearningsgrowth jump errat-

ically, andinvestorslearnaboutthesedrifts over time. Second,the assetvalueprocesswhich is

normallyexogenouslyspeci�ed,is endogenouslydeterminedin aclassicassetpricing framework.3

3Our modelis relatedto but distinct from theseminalwork on incompleteinformationandcredit risk of Duf�e
andLando(2001)in which theassetvalueprocessis observed imperfectlyby agentsdueto accountingnoise.
In our model the assetvalueprocessis formulatedby investorsconditionalon their imperfectinformationof
fundamentals.
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Assetvaluationratios(whichareconstantin mostexistingcreditrisk models),assetvolatilities,and

credit risk in theeconomyvary over time asinvestorsupdatetheir beliefsaboutthehiddenstates

andassesstheprospectof future realgrowth of fundamentals.Third, we modelthe joint shifting

distributionof in�ation andrealfundamentalsand�nd thatstatesof strongrealfundamentalgrowth

aremorepersistentwhenin�ation is low sothatin�ation predictsrealgrowth rates.This is thesig-

nalingroleof in�ation (alsocalledthe“proxy hypothesis”by Fama1981).In macroeconomics,this

facthasrobustempiricalsupportalongwith evidencethatcreditqualityof �rms weakensin periods

afterincreasesin shortnominalrates(for asurvey of this literatureseeBernankeandGertler1995).

Usingtheoptionslogic, weareableto pricethedefaultablebondin thismodelby acombinationof

FourierTransformandprojectionmethods.Theformulacanbedifferentiatedto constructmeasures

of volatility andexpectedreturns.

An attractive featureof our model is the availability of closed-fromsolutionsfor the term-

structureof interestratesandassetvalues.4 This enablesusto calibrateour modelparametersand

investors'beliefsto observeddataonbothfundamentaland�nancial variables,thelatterconsistent

with a rich informationsetfor agents.

If anempiricalassetvalueserieswasavailable,we couldadaptstandardeconometricmethods

suchasGMM or SMM to �t theparametersof theregimeswitchingmodel.However, we facethe

addedcomplexity confrontingall implementationsof structuralform modelsof nothaving available

suchanobservableprocess.Weresolve theproblemby treatingtheassetvalueprocessas“missing

data,” andadaptingthe well known recursive ExpectationsMinimization (EM) algorithmto the

framework. It is a generalizationof the methodusedby Moody's KMV to iteratively backout a

seriesof assetvaluesandvolatilities from observingequity datawhich usesthe Black-Scholes-

Merton (BSM) formula, andso is only consistentwith constantvolatility andinterestrates. The

equivalenceof theKMV methodologywith theEM algorithmandamaximumlikelihoodprocedure

to �t theBSM modelhasbeenshown by Duan,Gauthier, andSimonato(2004).

We now explain how our model is ableto addressthe credit spreadpuzzle. For constructing

model-basedspreadsof agivenratingcategory, wetake theapproachthattheratingagenciesadopt

the “through-the-business-cycle” approachto assigning�rms to a given rating category. That is,

each�rm is ratednotbasedon its currentconditionsbut ratheron its averageprobabilityof default

4In recentyears,severalauthorshavewritten regime-switchingmodelsof thetermstructure(see,e.g.,Bansaland
Zhou2002,Ang andBekaert2002,Dai, Singleton,andYang2003).Ourwork is differentin two respects:(i) we
do not modelregimesof interestrates,but insteadfundamentalregimes(bothrealandin�ationary), and(ii) the
regimesareunobserved,so that volatility of interestratesis endogenouslydeterminedin contrastto theabove
papers.David andVeronesi(2004)pursuea similar directionin discretetime, while Ang andPiazzesi(2003)
constructa term-structuremodelwith fundamentalsin anaf�ne setting.
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throughgoodandbadyearsof thebusinesscycle. A brief descriptionof this methodof ratingis in

Carey andTreacy (1998)(seetheboxon pp. 899)wherethey write:

Underthis philosophy, themigrationof borrowers' ratingup anddown thescaleasthe

overall economiccycleprogresseswill bemuted:Ratingswill changemainly for those

�rms that experiencegoodor badshocksthat affect long-termconditionor �nancial

strategy andfor thosewhoseoriginaldownsidescenariowastoooptimistic.

In keepingwith this tradition,thesolvency ratio for our “representative �rm” will �uctuate through

thebusinesscycle,howeverwewill assignit to agivenratingcategorybasedonits averagesolvency

ratio. For exampleHuangandHuang(2003) point out that the averagesolvency ratio for Baa-

rated�rms is 2.5. The bottompanelof Figure1 shows time seriesof our model-basedsolvency

ratio and its empirical counterpartconstructedfrom aggregatedseriesof liabilities of �rms and

aggregatepricesfor equityanddebt.Indeedtheratiohasshown considerablevariationin thesample

falling aslow as1.25andrising at its peakto almost5. Theratio �uctuatessomuchbecauseasset

valuationsaffecting the numeratorare far morevariablethandebt in the denominator.5 Using a

resultin Bergman,Grundy, andWeiner(1996),weshow thatcreditspreadsareconvex functionsof

�rms' solvency ratios,andhenceaveragespreadsarelargerthanthespreadevaluatedat theaverage

solvency ratio. By taking into accountthis convexity effect from time-varying solvency ratioswe

are able to justify credit spreadsthat are 60 percenthigher than reportedby Huangand Huang

(2003),who report the spreadat the averagesolvency ratio for alternative models. Additionally,

in our modelassetvolatility is inverselyrelatedto assetvaluationsandmakesthe impactof credit

risk convexity even larger, providing another50 percentincreaseover their benchmark.Thetime

variationsin creditrisk of �rms within theratingcategory is alsoableto rationalizethevolatility of

their creditspreads.

The dynamicpuzzlesareresolved by the time-variationin investors'speedof learningabout

regimeshifts. Investorsin themodelrationally learnaboutpossibleregimeshiftsafterobserving

shocks.Dueto thenoisein fundamentals,uponobservingshocks,agentsrationallydo not change

their beliefsof underlyingbeliefs immediately, but wait for suf�cient conclusive evidencefrom

fundamentals.Thereforetheresponseof creditspreadsappearsto aneconometricianto besluggish.

Thelearningbehavior alsoleadsto persistenceof volatilities of all assetsincludingdefaultable

bonds(this effect wasmodeledfor stockindexeswith only real shocksin David 1997). In�ation

providesanearlywarningof deterioratingfundamentalsanddueto theinertiain learning,increases

5The growth rateof aggregatedliabilities hasan annualvolatility of only about4 percent.The volatility of the
implied assetvalueprocessfrom equitydatais signi�cantly higherat about22percent.
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expectedfutureuncertaintyandvolatility. With constantmarket pricesof risk, themodelimplies

thatexpectedreturnsaretime-varying,andleadto predictabilityof returns.By addingthemodel-

basedexpectedreturninto a regressionof corporatebondindexesreturnson theFF factors,weare

ableto doubletheexplainedvariation. Sincevolatility is a key input to thestructuralform model,

our variableis clearlycredit-riskrelatedandreducesthepuzzlenotedby Elton, Gruber, Agrawal,

andMann(2001).

Finally, our threeshockmodelis ableto shedlight on thechangingsignof therisk-returnrela-

tionship.To startwith, we �nd that theextractedmarket priceof risk associatedwith the in�ation

shockcontributesto a negative risk premium,andthe earningsshockto a positive risk premium.

Thethird shockto thepricingkernelhasasmallassociatedrisk premiumin thecalibratedeconomy.

While our modelis not consumptionbased,we �nd thatpositive shocksto in�ation signalfuture

weakrealgrowth of fundamentalsandarenegatively relatedto assetreturns.Thereforeinvestors

arewilling to accepta negative risk premiumon a hypotheticalsecuritythat is perfectlycorrelated

with in�ation. In this sense,the sign of the price of in�ation risk is consistentwith the Merton

(1973)ICAPM.6 Dueto thedifferentsignsof therisk premium,thesignof therisk-rewardrelation

will changedependingon therelative importanceof in�ation ratherthanreal shocks.Indeed,our

calibratedmodelreplicatesthechangingsignacrossthethreedecadesnoted.

Theplanfor theremainderof thispaperis asfollows: In Section2 wepresentthebasicstructure

of themodelandprovide closed-formsolutionsfor assetvaluesandthetermstructure.In Section

3, we formulatethestructuralform modelfor credit risk in our setup.In Section4, we provide a

calibrationof investorsbeliefsof theunderlyingstatesthatusesinformationin bothfundamentals

and�nancial variablesandstudythecreditspreadslevelsandvolatility puzzles.In Section5, we

examinethe dynamicpuzzles.Section6 concludes.Threeseparatetechnicalappendixes,which

will bemadeavailableto readers,containall proofs,theSMM methodologyto estimatetheasset

valueprocessandtheparametersof themodel,anda detaileddescriptionof theprojectionmethod

usedto solve thePDEfor corporatebondspricesrespectively.

6Anotherpopularstatevariablewith a negative price of risk is volatility (see,e.g.,Coval andShumway 2001).
The signsof theserisk premiahave alsobeennotedby several authors.Stulz (1986)providesan equilibrium
modelwith money in which expectedreturnsof assetsdecreasewith anincreasein expectedin�ation, although
he reportedthat the effect of in�ation on the costof holding money for transactionsis unlikely to explain the
large(negative)estimatedin�ation risk premiums.
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2 Structur eof the Model

We consideroneof the simplestdefaultablecorporatebondstructural-formmodels. We assume

thatthe�rm continuouslyissuesasingleclassof discountdebtwith maturityT, thereis no chance

of default prior to maturityof thedebt,therearenobankruptcy costs,and�nally , therearenotaxes.

Theseassumptionssimplify the exposition,but arenot responsiblefor main results.Underthese

assumptions,onecanuseresultssimilar to Merton(1974)anduseoptionpricing methodsto price

defaultablebonds.

Assumption 1: Thepriceof thesinglehomogeneousgoodin theeconomy, Q t , evolvesaccording

to thelog-normalprocess
dQt

Qt
= � t dt + � Q dWt ; (1)

wheretheprocessfollowedby � t is describedbelow and� Q = (� Q;1; � Q;2; 0) is a 1 � 3 constant

vectorknown by investors.

Assumption2: Realearnings,E t , evolvesaccordingto thelog-normalprocess

dEt

E t
= � t dt + � E dWt ; (2)

whereWt = (W1t ; W2t ; W3t )0 is a three-dimensionalvectorof independentWeinerprocesses,the

1 � 3 constantvector � E = (0; � E ;2; 0) is assumedknown andconstant.The processfor � t is

describedbelow.

Assumption 3: � t follows an N � state,continuous-time�nite stateMarkov chainwith generator

matrix � ,7 thatis, over thein�nitesimal time interval of lengthdt

� ij dt = prob(� t+ dt = � j j� t = � i ) ; for i 6= j;

� ii = �
X

j 6= i

� ij :

In essence,realearningsandthe in�ation ratefollow a joint log-normalmodelwith drifts that

follow a regimeswitchingmodel. We usethesefundamentalsto pricesall assetsin our model. In

orderto do so we needto specifya stochasticdiscountfactorto be usedto discountrealpayoffs.

Wemake thefollowing assumption:

7Thetransitionmatrixoverstatesin a �nite interval of time,s, is exp(� s) (seee.g.Karlin andTaylor1982).
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Assumption4: Thereexistsa realpricingkernelM t takingtheform:

dM t

M t
= � ktdt + � M dWt ; (3)

where� M = (� M ;1; � M ;2; � M ;3) is a1� 3 constant,andwherekt = � 0 + � � � t + � � � t : It is used

to pricerealclaimsanddeterminetheexpectedreturnsto all securities.Werestrictits drift rate,the

realrateof interest,to bea linearfunctionof thetwo (hidden)statevariablesof themodel.

The kernel is observed by investorsbut not by the econometrician.Using it, agentsprice a

genericrealpayout�o w of f dt g from theusualformula

M t Pt = E
� Z 1

t
M s ds dsjF t

�
: (4)

As in severalrecentpapers(seefor exampleBerk,Green,andNaik 1999,Brennan,Wang,andXia

2004)wehavespeci�edanexogenouspricingkernelprocessto formulateequilibriumrelationships

amongendogenous�nancial variables. The linear dependenceof the real rate on the drifts of

fundamentalshasatheoreticalbasisin generalequilibriummodels:For example,in aLucas(1978)

economywhereinvestorshavepowerutility U (C; t) = e� �t C1� 


1� 
 wewouldhaveC = E andhence

ki = � + 
 � i + 1
2 
 (1 � 
 ) � E � 0

E and� M = � 
 � E . In this case,the real rateis not affectedby

the in�ation drift. Our speci�cationgeneralizesthereal rateprocessto economieswherein�ation

affects the real cost of borrowing. For example,Feldstein(1980) points to tax and accounting

channelsthroughwhich expectedin�ation affects the real rate. Finally, the market price of risk

for in�ation shockswill ariseendogenouslyin a generalequilibrium economywherein�ation is

correlatedwith assetreturnsasin Merton's ICAPM (see,for e.g.Section9.2Cochrane2001).

For notationalconveniencewe stackthefundamentalprocesses(1) and(2). Let Y= (Q; E)0, so

that
dYt

Yt
= %t dt + � 2 dWt ; (5)

wheredYt
Yt

is to beinterpretedas“element-by-element”division,%t = (� t ; � t )
0, and� 2 = (� 0

E ; � 0
Q)0

We alsosometimes�nd it useful to addthe kernelprocessto the stacked vectorandwrite X =

(Q; E; M )0, whichhasthedrift vector� t = (� t ; � t ; � kt )
0, andvolatility matrix � = (� 0

Q ; � 0
E ; � M )0

Thenext assumptionmakesit possibleto obtain�uctuating uncertainty, which is theobjectof

theinvestigationof thepresentpaper.

Assumption 5: Investorsdo not observe the realizationsof � t but know all theparametersof the

model.
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Sinceinvestorsdo not observe � t (i.e. thedrift ratesof theprocess),they needto infer it from

theobservationsof pastearnings,in�ation, andthepricingkernel.This will generatea distribution

on thepossiblestates� 1; :::; � N that in turn generateschangesin “uncertainty”asthey learnabout

thecurrentstate.Giventheobservationof yt , investorsform theposteriorprobability

� it = prob(� t = � i jF t )

whereF t is investors'�ltration at time t. Let � t = (� 1t ; :::; � N t ) bethevectorof beliefs.

Lemma 1 Givenan initial condition� 0 = �̂ with
P N

i=1 �̂ i = 1 and 0 � �̂ i � 1 for all i , the

probabilities� it satisfytheN-dimensionalsystemof stochasticdifferential equations:

d� it = � i (� t )dt + � i (� t )d ~Wt (6)

where
� i (� t ) = [� t �] i

� i (� t ) = � it [ � i � � (� t )]0� 0� 1 (7)

� (� t ) =
NX

i =1

� it � i = E t

�
dZ t

Z t

�

and

d ~Wt = � � 1
�

dX t

X t
� E

�
dX t

X t

�
jF t

�
= � � 1 (� t � � (� t ))dt + dWt (8)

Moreover, for everyt > 0,
P N

i=1 � t = 1.

Proof. SeeWonham(1964),LiptserandShiryayev (1977),or David (1993).

The �ltering theoremfor jumps in the underlyingdrift was �rst derived (to the bestof our

knowledge) in Wonham(1964). David (1993) provides a proof using the limit of Bayes' rule

in discretetime. The �rst applicationof this theoremin �nancial economics,aswell asseveral

propertiesof the �ltering processarederived in David (1997). Elliott, Aggoun,andMore (1995)

provided additionalresultswith this �ltering approach,including an adaptationof Bayes' rule to

un-normalizedprobabilities.

Wemakethefollowing summarycommentsabouttheupdatingprocess(6): (i) Theelementsof

thegeneratormatrix, � , completelycapturethetransitionprobabilitiesbetweenstates.Absentany

new information,beliefstendto mean-revert to the unconditionalstationaryprobabilitiesthat are

completelydeterminedby � . For example,if thereareonly two stateswith � 12 = 2 and� 21 = 0:5,

thenthebeliefof theeconomybeingin state1 meanrevertsto 1=3. (ii) Thediffusiontermdescribes

thechangein beliefsdueto new information. Theweightgivento news is thevolatility of beliefs
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� i (� t ); whichcanbethoughtof ameasureof `con�dence'of investorsin theirbeliefsof thecurrent

state� t . Whenagentsareverycertainof oneof thestates,wesaythey arehighly con�dent,andless

weight is given to new information. Whenthey have high uncertaintyof the currentstatevector,

they reactmoreto news, andthe volatility of their beliefsincreases.This in-built mechanismin

updatingis thekey to theresultsin this paper, which require�uctuations in assetvolatilities. (iii)

Conditionalonagivenlevel of uncertainty, thevolatility of beliefsis proportionalto theparameters

determiningtheratioof signal(differencein drifts acrossstates)to noise(� ). (iv)

NX

i =1

d� it =
NX

i =1

� it dt +

 
NX

i =1

� i

!

d ~Wt = 0 (9)

therebyensuringthatfor all t ,
P N

i=1 � it = 1. (v) Agentsupdatetheirbeliefsaboutunderlyingstates

not only by observingthepathof fundamentals,but alsotheir pricing kernel.This is analogousto

the Lucaseconomymentionedabove in which the agentwould learnaboutthe drift rateof the

marginalutility of consumption.

For laterreference,we rewrite thefundamentalprocessdYt=Yt in termsof thenew innovation

processd ~Wt .
dYt

Yt
= �%(� t )dt + � 2 d ~Wt : (10)

Sinced ~Wt is an“innovations”processundertheinvestors'�ltration, undertheseparationprinciple

it canbeusedfor dynamicoptimization.SeeDavid (1997)for a discussion.Similarly, thekernel

underinvestors'�ltration is dM =M = � �k(� t )dt + � M d ~Wt ; wherethereal ratein theeconomy,

� �k(� t ); is its expectedvalueconditionalon investors'�ltration.

2.1 AssetValue Processand the Term-Structure of Inter estRates

For evaluatingnominalclaimsandnominal risk premiumswe will alsousethe nominalpricing

kernel,N t = M t =Qt ; which follows

dNt

N t
= � r it dt + � N dWt ; (11)

wherer it = kit + � it + � N � 0
Q and� N = � M � � Q : The nominalratediffers from the real rate

by thesumof expectedin�ation andthe in�ation risk premium,which is thecovariancebetween

in�ation andthenominalpricingkernel.With unobservedstates,theprojectednominalinterestrate
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at time t is
P N

i=1 r i � it : The following propositionprovidesexpressionsfor thevalue-to-earnings

(henceforthV/E) ratioandthenominalbondprice:

Proposition1

(a) TheV/E ratio at timet is

Vt

E t
(� t ) =

NX

j =1

Cj � j t � C � � t ; (12)

where thevectorC = (C1; ::; CN ) satis�esC = A � 1 � 1N ,

A = diag(k1 � � 1 � � M � 0
E ; k2 � � 2 � � M � 0

E ; � � � ; kN � � N � � M � 0
E ) � � : (13)

(b) Thepriceof a nominalzero-couponbondwith maturity� is

B (� t ; t; T) =
NX

i =1

� it B i (t; t + � ) (14)

where

B i (t; t + � ) = E
�

M T

M t
�

QT )
Qt

j� t = � i

�
=

"
NX

i =1


 i e! i �

#

� (
 � 11N ); (15)


 i and ! i ; i = 1; � � � ; N ; are the ith eigenvector and ith eigenvalue respectivelyof the matrix

�̂ = � � diag(r 1; r2; � � � ; r N ):

The proof follows from minor modi�cations to thediscrete-timeproof in David andVeronesi

(2004).SeealsoDavid andVeronesi(2002).Similar pricing for bondsusinga pureconsumption-

basedpricingkernelarein Yared(1999)andVeronesiandYared(1999).

In (a) eachconstantCi representsinvestors'expectationof futureearningsgrowth conditional

on thestatebeing� i today, discountedusingtheprocessfor thepricing kernelprocessf M t g, and

normalizedto make it independentof thecurrentpayoutandtime. Hence,a high C i implies that

investorsassesahighvaluerelativeto currentearningsin state� i . Sincethey donotactuallyobserve

thestate� i , they weighteachCi by its conditionalprobability� i therebyobtaining(12). Noticein

particularthat the form of the constantsCi 's suggestthat: (i) if � � < 1; a highergrowth rateof

earningsimpliesa higherV/E, (ii) if � � > 0; a higherin�ation stateimpliesa lower V/E, which is

thereal rateeffectof in�ation; (iii) in addition,theV/E ratio in a givenstateof growth dependson

the futuresustainabilityof thegrowth rateandis determinedby the transitionprobabilities� ij as

shown in thesolutionto theN -equationsin (a).
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Similarly, thebondprice is a weightedaverageof thenominalbondpricesthatwould prevail

in eachstate� i . Sinceinvestorsdo not actuallyobserve thecurrentstate,they price thebondasa

weightedaverage.Bothhigherin�ation andhighergrowth rateof earningsleadto lower long term

bondpriceswhen� � > � 1 and� � > 0:

Its usefulto noticethatall assetpricesfollow continuouspathseven thoughthedrift ratesfor

earningsand in�ation jump betweena discreteset of states. Theseresult from the continuous

updatingprocess.

Usingthecharacterizationof in�ation andearnings,processesundertheobserved�ltration, we

arenow ableto specifytheprocessesfor therealandnominalvalueof the�rm' sassetvalue.

Proposition2

(a) Thenominalassetreturnprocessundertheinvestor's �ltr ation is givenby:

dVQ
t

V Q
t

(� t ) = (� Q
V (� t ) � � (� t )) dt + � Q

V (� t ) d ~Wt ;

where � (� t ) = 1
C:� t

, theexpressionfor � Q
V (� t ) is in Appendix1, andits volatility is

� Q
V (� t ) = � E + � Q +

P N
i=1 Ci � it (� i � � (� t ))0(� 0)� 1

P N
i=1 Ci � it

: (16)

Thevolatility of therealassetprocesssatis�es: � V (� t ) = � Q
V (� t ) � � Q:

(b) Therealandnominalrisk premiumssatisfy� V (� t ) + � (� t ) � k(� t ) = � � V (� t )� 0
M ; and

� Q
V (� t ) + � (� t ) � r (� t ) = � � Q

V (� t )� 0
N respectively.

Proof. In Appendix1.

This propositionshows that assetvolatilities have an exogenouscomponentdue to noisein

the fundamentalprocessanda learningbasedendogenouscomponent.The latter is larger when

investorsare more uncertainabout the stateof underlyingfundamentalsbecausein suchtimes

investorsreactmoreto incomingfundamentalnews. Nominal(real)risk premiumsaredetermined

by investorsasthenegative of thecovariancesof thenominal(real) assetvaluewith thenominal

(real)pricingkernel.

Thefollowing propositionstatesconditionsunderwhich thevolatility of the �rm' s assetvalue

with respectto the�rst shock(in�ation) is mostlynegative, while thevolatility with respectto the

secondshock(earnings)is positive. Wewill saystatevectorsx andy are(weakly)positively related

whenx i � x j if f yi � yj .

12



Proposition3 Supposethein�ation statevector, � ; andtheassetV/Estatevector, C; arenegatively

related,andearningsstates,� ; andC arepositivelyrelated,andall volatilities,� Q;1; � Q;2; and� E ;2

areall positive. Then,� V;1 � 0; � Q
V;1 � � Q;1; � V;2 � 0; and� Q

V;2 � 0:

Proof. In Appendix1.

Thepropositionis intuitive: if theV/E ratio is lower in stateswhenthein�ation drift is higher,

then if realizedin�ation is higher thanexpected,investors'conditionalprobability of higher in-

�ation increasesandassetvaluesdecline. Sucha negative correlationbetweenrealizedrealasset

returnsandrealizedin�ation hasbeennotedby severalauthors.In ourempiricalsectionwewill ex-

aminetheestimatedvaluesof thefundamentalsstatesandV/E ratiosin thehiddenstatesandverify

that thestatedconditionsin thepropositionaresatis�ed for theestimatedparameters.In addition,

we will seethattheexogenouscomponentof in�ation volatility, � Q;1; is `small' — of theorderof

onepercentat an annualrate— so that in mostperiods� Q
V;1 < 0: The sign of � V;3 is in general

indeterminate,however we will �nd that for our estimatedparametersthis volatility is negative in

eachperiodin oursample.

The economymodeledhereis driven by threeinnovationsto the fundamentalprocesses.Yet

therearemorethanthreevariableswhoselevelsareneededto characterizeinvestorsinformation.

In additionto the level of earningsandin�ation, investor's beliefsof thedrifts beingin eachstate

alsodeterminethereturnsof all assetsin theeconomy. As for all non-tradedassetsin equilibrium

models,for risk-neutralvaluation,thedrifts of thebeliefprocessesmustbereducedby theirmarket

pricesof risk (c.f., for e.g.,Cox,Ingersoll,andRoss1985,Hull 1993).As in theseframeworks,the

market priceof risk of � i is its covariancewith thepricing kernelof theeconomy. Theanalytical

expressionis givenfor thesemarket pricesin thefollowing proposition.

Proposition4 Thenominalmarket priceof risk of thestatevariable� it , for each i 2 f 1; � � � ; N g,

investors' conditionalprobabilitiesof theeconomybeingin statei, is time-varyingandis givenby

� i (� t ) = � it � (r it � �r (� t )) � � N � 0
Q : (17)

It is evident that even thoughthe market pricesof risks associatedwith the two shocksare

constant,themarketpricesof risksfor thebeliefsaretime-varying,andincreasein thefundamental

uncertaintiesof earningsandin�ation. The risk adjustmentsin a sensedistort themeanreversion
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of thebeliefprocesses.8 Sucharisk premiumadjustmentto thetransitionprobabilitymatrix is also

performedin theratings-basedcreditrisk modelof Jarrow, Lando,andTurnbull (1997).

3 Price of DefaultableDebt

The�rm issuesa singleclassof zerocoupondebt. If the real facevalueof debtremainsconstant

credit spreadsin structuralform modelstendto zeroasmaturity increases(Collin-Dufrenseand

Goldstein2001,EricssonandReneby2002). We will insteadassumethat the �rm issuesnominal

debtatapacethatensuresthatthereis notrendin thedistancebetweenthenominalassetvalueand

thenominalfacevalueof debtoutstanding.Black andCox (1976)motivatethesameassumption

asa safetycovenantfor bondholders.In supportof this assumption,the empiricalwork in Eom,

Helwege,andHuang(2004)suggestsno additionalrole for maturity in �tting spreadsbeyond the

otherinputsin structuralform models.

Assumption6: Thenominalfacevalueof debtat time t is givenby

D Q
t = D Q

0 � exp[
Z t

s=0
(r (� s) � � (� s))ds]; (18)

wherer (� t ) is thenominalrateof interestde�ned in Proposition1(b), andD Q
0 is the initial face

valueof debtof the �rm, and� (� t ) is theearnings-yieldin Proposition2. Thenetgrowth rateof

debtr (� t ) � � (� t ) canresultfrom grossissuanceat therisklessrateandretirementat theearnings

yield, or any suchcombination.

Assumption7: Similar to Merton(1974),weassumethe�rm defaultsat maturity, T , if themarket

valueof the�rm' sassetin nominaldollarsatmaturity, is below thefacevalueof its debtin nominal

dollarsD Q
T .

Assumption8: Theassetvalueof the�rm is a tradedsecurity.

TheassumptionandProposition2 impliesthatthenominalassetvalueof the�rm canbewritten

asdVQ
t =VQ

t = (r (� t ) � � (� t )) dt + � Q
V d ~W �

t ; whered ~W �
t = d ~Wt � � N dt; where� N = � M � � Q

arenominalmarket pricesof risk. De�ne the solvency ratio of the �rm asZ t = V Q
t =DQ

t , and

8The point is madebestin the 2-statecase. In this case,� 1 meanrevertsto � �
1 = � 21=(� 12 + � 21) underthe

objective measure.However, underthe risk-neutralmeasure,� 1 meanreverts to the positive root of (� 12 +
� 21)( � �

1 � � ) � (r1 � r2) � 1 (1 � � 1); which is smallerthan� �
1 whenr1 > r2: Therefore,lessprobability is

assignedto higherinterestratestates.
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zt = logZ t . Underthenominalrisk-neutralmeasurethesolvency ratio follows

dZ t = � Q
V (� t ) d ~W �

t : (19)

By standardno-arbitragepricing (Duf�e 1996, Chapter5.G) every contingentclaim f (t; zt ; � t )

mustsatisfythefundamentalpartialdifferentialequation(PDE)

r (� t ) f =
@f
@t

�
1
2

@f
@z

� Q
V (� t )�

Q
V (� t )

0
+

NX

j =1

@f
@� j

(� j (� t ) � � j (� t )) (20)

+
1
2

@2f
@z2 � Q

V (� t )�
Q
V (� t )

0
+

NX

j =1

@2f
@z@� j

� Q
V (� t ) � 0

j (� ) +
1
2

NX

k=1

NX

j =1

@2f
@� k@� j

� k (� t ) � 0
j (� t );

where� i (� ) and� j (� ) aregiven in eqs. (7), � q
V (� t ) is in eq. (16), and� i (� t ) is given in (17).

In addition,naturalboundaryconditionsat 0 and1 for eachbelief processandterminalconditions

determinedby the�nal payoff of thecontingentclaimareimposed.

Theexpectednominalvalueof the�rm' sdebtis givenby thefollowing proposition.At theend

of thissectionwestudythevariouschannelsthroughwhichin�ation will affectdefaultprobabilities

in ourmodel.

At maturity, the payoff for eachdollar of facevalueof debtoutstandingis Min(Z T ; 1): That

is, in default, therecovery on eachdollar of defaultabledebtequalsthesolvency ratio. We extend

theFourierTransformmethodologythathassofar beenusedin theaf�ne framework (seefor e.g..

SteinandStein1991,Heston1993,Bates1996,Bakshi,Cao,andChen1997,Scott1997,Bakshi

andMadan2000)to solve for defaultablebondpricesin thefollowing proposition.

Proposition5 Thedefaultablebondprice for a �rm with nominalassetvalueV Q
t , nominaldebt

outstandingD q
t , andhenceZ t = V Q

t =Dq
t , andwheninvestors' beliefsare � t satis�es

P(Z t ; � t ; t; T) = B (� t ) � � 2(Z t ; � t ; t; T) + G(� t ; zt ) � ( 1 � � 1(Z t ; � t ; t; T) ) ; (21)

where � 1(�; �) and� 2(�; �) are thetime-tpricesof Arrow-Debreusecuritiesthat paya dollar if the

�rm is solventat T (ZT > 1) undertwo differentmeasures. Thesetwo probabilitiescanbefound

by fastFourier Inversion of thecharacteristicfunctionof thediscountedlog solvencyratio under

therisk-neutral measure

f (zt ; ! 1; � t ; T � t) = E[e�
RT

t r (� s )dsei! 1zT jzt ; � t ]:
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B (� t ) = f (zt ; 0; � t ; T � t) andG(� t ; zt ) = f (zt ; 1=i; � t ; T � t) areobtainedbysimplyevaluating

f (�; �) at two points,and are the bondprice, and forward solvencyratio, respectively, under the

risk-neutral measure.

Proof: In technicalappendix.

Thecharacterizationof therisky-bondpriceis analogousto thatMerton(1974),with theexten-

sionto thecaseof stochasticallygrowing debtof the�rm. Thecall optionvalue(equityof the�rm)

for thecasewhere� t was1-dimensionalwassolved in David andVeronesi(2002). In this paper,

weextendthesolutionto thegeneralcasewhere� t is N-dimensional,andin addition,interestrates

andthedefault boundaryarebothstochastic.

The characteristicfunction is obtainedby solving the Fourier Transformof the fundamental

PDE in eq. (20) with respectto the log solvency ratio with the terminalcondition � z� zt ; where

� (:) standsfor the Dirac function. An M term polynomialapproximationof f (�; �) is provided

in eq. (55) in the proof. We report resultsusinga 9th orderpolynomialapproximationin each

dimensionfor an overall basisof 220 Legendrepolynomialsover the 3-dimensionalbelief space

(onedimensionof beliefsis redundant).

For convenience,wealsowrite theT-periodspreadon thedefaultablebondas

s(Z t ; � t ; t; T) = �
1
T

log
�
� 2(�; �) +

G(� t ; zt )
B (� t )

� ( 1 � � 1(�; �) )
�

: (22)

We seeif thefollowing corollarythatthecreditspreadis a decreasingandconvex functionthe

solvency ratio, Z t ; of the �rm. As we will seein Section4, the convexity propertywill partially

resolve thecredit spreadspuzzle.

Corollary 1 (i) Thedefaultablebondprice P(Z t ; � t ; t; T) is an increasingandconcavefunction

of thesolvencyratio, Z t : (ii) Thecredit spread,s(Z t ; � t ; t; T) is a decreasingandconvex function

of thesolvencyratio.

Proof: In Appendix1.

For evaluatingexpectedreturnsandvolatilitiesof bondreturnsweprovide thefollowing result.

Corollary 2 Thevolatilities of dP(�; �)=P(�; �) with respectto the two shocks in theeconomyare

givenby

� P (Z t ; � t ; t; T) =
Pz(�; �) � � Q

V (� t ) + P� (�; �) � � (� t )
P(�; �)

; (23)
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where � (� t ) are thevolatilities of beliefswith respectto thetwo shocksasin (7), and,� Q
V (� t ) are

thevolatilitiesof thenominalassetvalueasshownin (16). Thepartial derivativesof thebondprice

with respectto thesolvencyratio andthebeliefsare providedin theproof. Theexpectednominal

returnonbondsis

� P (Z t ; � t ; t; T) = r (� t ) � � P (�; �) � � N ; (24)

where � n are thenominalmarket pricesof risksde�nedin (11).

Proof: In technicalappendix.

We endthis sectionwith somecommentson the variouschannelsthroughwhich unexpected

in�ation (asmeasuredby in�ation volatility) andexpectedin�ation (asmeasuredby the �ltered

beliefs)will affect the �rm' s probability of default underthe risk-neutral measure in our model.

As seenfrom Proposition2, thevolatility of �rms' nominalassetvalueequalsthesumof its real

volatility andin�ation volatility, while by Assumption6, debtgrowth is locally smooth.Its direct

implicationis thatcreditrisk for �rms increaseswith in�ation volatility asthedefaultablebondprice

is thevalueof thesafebondpricelessaputoptiononthenominalassetvalueof the�rm writtenby

bondholdersandpurchasedby equityholders.An increasein in�ation volatility increasesthevalue

of thisputoption.

By Corollary1(ii), creditspreadsaredecreasingin Z t (� t ) = (
P N

i =1 Ci �� it ) E t Q t

D Q
t

: Therefore,the

commentson theV/E ratiosin theN states,C; below Proposition1 apply. Their implicationsare

thatex-ante, thefollowing effectshold:

1. For � � > 0; an increasein expectedin�ation increasesthereal rateof interest.This hasan

effect on loweringZ t andincreasingspreads.

2. If thetransitionprobabilitiesto lower earningsstatesis higherin higherearningsstatesthen

anincreasein expectedin�ation lowersZ t andraisesspreads.

3. In addition,if thetransitionsbetweenearningsstatesaremorelikely in higherin�ation states,

higherexpectedin�ation raisesinvestors'forecastof theendogenouscomponentof futureas-

setvolatility, andsincespreadsareconvex in Z t , causesthemto increase.David andVeronesi

(2004)examinethevolatility forecastingpowerof in�ation baseduncertaintymeasures.

4 Calibration

In thissectionweprovideabriefdescriptionof thecalibrationmethodology, estimatesof ourmodel,

thecreditrisk convexity effect,andimplicationsfor thecreditspreadslevel andvolatility puzzles.
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4.1 Calibration Methodology

We calibratethe modelby using information in both fundamentaland �nancial variablesto ob-

tain time seriesof investors'beliefsover fundamentalstatesaswell astheunderlyingparameters.

SupposetheV/E serieswasobservable: Thenusingit, thedataon fundamentals,andtheTreasury

yields,weestimatetheparametersusingaSMM methodasdescribedbelow.

Let 	 denotethesetof structuralparametersin thefundamentalprocessesof earningsgrowth

andin�ation in (1), (2), andthepricingkernelin (3). Let thelikelihoodfunctionfor thefundamen-

talsdataobservedatdiscretepointsof time(quarterly)beL . Theprocedurealsogeneratesseriesof

�ltered probabilitiesthatinvestorshaveof eacheachunderlyingstates.To extractinformationabout

investors'beliefsfrom fundamentalsaswell asequityandTreasurybondyieldsweaddmomentsof

assetprices,andusethepricing formulaefor theV/E ratioandTreasurybondpricesin Proposition

1 to generatemodel-determinedmoments.Let f e(t)g denotethe errorsof the pricing variables,

and let � (t) =
�
e(t)0; @L

@	 (t)0
� 0

wherethe secondterm is the scoreof the likelihood function of

fundamentalswith respectto 	 . Wenow form theSMM objective:

c =

 
1
T

TX

t=1

� t

! 0

� 
 � 1 �

 
TX

t=1

1
T

� � t

!

: (25)

Thedetailsof theprocedurearein Appendix2.

Sincetheassetvalueseriesis in factnotobserved,our estimationproblemfalls undertheclass

of “missingdata”problems,for whichtheExpectationsMinimization(EM) procedureis applicable.

Theprocedureis recursive. In brief, we useestimatesof bondprices,theparameterestimates,and

beliefsatthenthstageto estimatetheassetvalueattimet asV Q(n)
t = PE

t + P (n)
t �D Q

t ; wherePE
t is

themarketvalueof theS&P500ateachdate,D Q
t is formulatedusingAssumption6 wth D Q

0 setso

thattheinitial solvency ratioof the�rm isk; whentheinitial V/E ratioof the�rm is itsunconditional

valueof C � � � ; andk is thelong-runsolvency ratioof agivenratingcategory. Theestimatedstage

n V/E ratio at datet is simply V Q(n)
t =Et ; andthesolvency ratio is Z (n)

t = V Q(n)
t =DQ

t : Now the

SMM estimationprocedureis usedto minimize(25) conditionalon thenth stagebondprices,and

to �nd theoptimalparametervaluesof stagen + 1: New estimatesof bondpricesareobtainedusing

Proposition5. Thestepsarerepeateduntil convergence.Furtherdetailsareprovidedin Appendix

2.

The �rst formal descriptionof thegeneralEM methodologyis in Dempster, Laird, andRubin

(1977). More recently, Duan,Gauthier, andSimonato(2004)provide anequivalencebetweenthe
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EM procedureusedin industryby Moody's KMV (seeCrosbieandBohn2002)andandthemaxi-

mumlikelihood(ML) procedureto estimatestructuralcreditrisk modelsin Duan(1994).Ericsson

andReneby(2005)extendthe ML approachallow for stochasticinterestratesandmoregeneral

default boundaries.Our methodgeneralizesthe EM procedureto in additionaccountfor both a

stochastictermstructureandvolatility. Wenotethatuponconvergence,ourempiricalprocedurefor

�tting theassetvalueprocessis internally consistentin thatbondpricesat eachdatearecomputed

usinga formulathatincorporatesbothfeatures.

Thesimultaneousjoint estimationof theunobserved assetvalueandassetvolatility hasposed

a conundrumto both academicsandpractitioners,especiallywhenthe latter variesstochastically

over time. The most popularapproachhasbeenthe two equationand two unknown problem:

(a) equity is a call option on the assetvalue,E = Call Option(V; � V ); and(b) equity andasset

volatilities are relatedby � E = � V EV V=E (see,for e.g. Jones,Mason,andRosenfeld1984).

Both relationshipshold only whenthe volatilities areconstant.In their implementationhowever,

researchersbackout time-varying volatilities. More recentlysomeauthorshave usedhistorically

inferredassetvaluesfrom thecall optioninversionusing(a)(Vassalou2004),or haveusedhistorical

volatilities of equitiesandtransformedto assetvolatilities using(b) (Eom, Helwege, andHuang

2004),to obtaincurrentestimatesof assetvolatility. In additionto theinternalconsistency problem,

thesemethodsarenecessarilybackward looking. In contrast,ourmethodusescurrentfundamentals

andassetpricesateachdateto backoutcurrentbeliefs,andassetvolatility is obtainedfrom eq.(16)

in Proposition2. Finally, ourcalibrationmethodis similarly consistentwith thevaluationeffectsof

astochastictermstructureof interestrates.

4.2 Estimation Resultsfor the RegimeSwitching Model

In this subsection,we brie�y describetheresultsof theestimationof theregimeswitchingmodel

for the fundamentalvariables— earningsandin�ation. We startwith the descriptionof the data

seriesused.EquityvaluesareestimatedusingtheS&P500operatingearnings-per-shareandprice-

to-operatingearningratio seriesfrom 1960-2001arefrom StandardandPoor. The time seriesof

nominalearningsis de�atedusingtheConsumerPriceIndex series,which is alsousedto compute

thetime seriesof in�ation levels.Thetime seriesof constantmaturityzerocouponyieldsarefrom

theFederalReserve Board.

Weestimateamodelwith threeregimesfor in�ation, � 1 < � 2 < � 3, andandtwo regimesfor

earningsgrowth, � 1 < � 2, which leadusto six compositestatesoverall. Somefurthercomments
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on the selectionof numberof regimesin eachseriesare in Appendix2. In our estimation,we

foundthattheunconstrainedestimatesof thetransitionmatrix led to severalzeroelements,leading

to a moreparsimoniousfour statemodelf (� 1; � 2); (� 2; � 1); (� 2; � 2); (� 3; � 1)g. That is we found

that thestates(� 1; � 1) and(� 3; � 2) stateshadcloseto zeroprobabilityof occurringin thesample.

Overall, the four stateandsix statemodel leadto almostthe samevalue for the SMM objective

function. Gray (1996)andBansalandZhou (2002)usea similar criterion for the choiceamong

alternative regimespeci�cations.

The top panelof Table 1 reportsthe meansand volatilities of fundamentals,as well as the

pricing kernelparameters.The middle panelreportsthe transitionprobability matrix aswell as

the assetpricesin the four states. We estimatethat in�ation averages1.3, 4.3 and 0.3 percent

in the threestates,while earningsgrowth averagesnegative 9 percentand5.1 percentin the low

andhigh growth statesrespectively. A few commentsarein order: First, while all thestateshave

statisticallysigni�cant estimates,thestandarderrorsfor the in�ation statesaremuchsmallerthan

for theearningsgrowth states.Thevolatility parametersandthe top panelsof Figure3 show that

in�ation is much lessnoisy than the earningsseries,leadingto betterestimatesfor the former

series. Second,the high growth rateof earningsis far morepersistentin the low in�ation state:

from the (LI-HG) state,thereis a 98 percentchanceof returningto this state,and a 2 percent

chanceof transitioningto the (MI-HG) statein a year, thereforethereis almosta zerochanceof

growth slowing in a quarterin which thereis also low in�ation. From the (MI-HG) stateon the

otherhandthereis 8.2percentchanceof a transitionto the(MI-LG) statein thefollowing quarter.

This is thesignalingrole of in�ation – it providesan earlywarningof unsustainablehigh growth

of fundamentals.Theoverall SMM objective functionvalue,which hasa chi-squareddistribution

with six degreesof freedom,is 9.23,implying a p-valuelarger than16 percent,sowe fail to reject

ourmodel.

Wenext turn to thekernelparameterestimates,thethird setof parametersin Table1. Wenotice

immediatelythat � � and � � areboth signi�cantly positive, which meansthat real rate increases

in statesof fastergrowth of real fundamentalsaswell ashigherin�ation. Ceterisparibus we will

have thereforelowerV/E ratiosandhigherTreasuryyieldsin suchperiods.Theseobservationsare

con�rmed in thebottompanel,which reportsthe implicit parametersfor theV/E andbondyields

acrossthestatesusingthepricingformulasfor stocksandbondsin eqs.(12)and(14)respectively).

Besidesthekernelparameters,thetransitionprobabilitiesalsohavealargeeffectonV/Es. Con-

siderthetwo statesof mediumin�ation growth. If therewerenoregimeswitches,theV/E computed

usingProposition1 wouldbearound6.6and16.7in thelow andhighgrowth ratestates.However,
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with the estimatedswitching frequencies,the V/Es are 11.8 and 13.3, that is the differencesin

V/E areto a greatextenteliminated.This is of coursedueto the instability of high growth in the

mediumin�ation state. The implied parameteralsoshow why the slopeof the term structureis

anotherproxy for thissignal.Thereis anextensive literaturedocumentingtheforecastingpowerof

theslopeof thetermstructure(see,for e.g.EstrellaandMishkin 1998).In ourcalibratedmodel,the

slopeis positive in theLI-HG, andMI-LG states,but is negative in theMI-HG, andMI-HG states,

in eachof which the3-monthrateis in doubledigits. Fromthetransitionprobabilitymatrixwesee

thatin eachof theselatterstatesthereis a largeprobabilityof low growth in thefollowing quarter.

Thereforein themodeltheslopeis a proxy for investors'likelihoodof theeconomyshifting to a

low growth state.

Thetime seriesof the �ltered probabilitiesareshown in Figure2. The1960sand1990swere

decadeswhen the low in�ation and high earningsstateprevailed. Therewere several switches

within themediumin�ation statesin the1970s,with two boutsof high in�ation andlow growth in

themid-1970sandearly1980s.Themid to late1980swerecharacterizedwith high probabilities

of mediumin�ation andhigh growth, beforethe low in�ation boomyearsof the 1990s. Among

morerecentdates,by late1999,thestateof mediumin�ation anhigh growth hadbecamea likely

possibility, whichwasfollowedby aspikeof themediumin�ation andlow growth probabilityin the

Springof 2000,causingaseveredropin themodelimpliedV/E. These�ltered beliefsandtheabove

implied parametersareusedto generatetime seriesof model-impliedtime seriesof fundamentals

and�nancial variablesin Figure3. Wereporttheexplanatorypowerof ourmodelfor thesevariables

in thefootnoteto this �gure. As suggestedearlier, we aremuchmoresuccessfulin measuringthe

stateof in�ation (R2 of 69 percent)thanrealearningsgrowth (R2 of 16 percent).Among�nancial

variables,the �t for theV/E ratio is about50 percent,althoughnotably, themodelfailed to �t the

high valuationsof the late 1990s.The �ts for historicalyield serieshave R2s of between44 and

51 percent,with thebetter�ts for theshortmaturities.Despitethechangesin regimes,themodel

fails to matchthehigh yieldsduringtheearly1980swhentheFederalReserve experimentedwith

monetarypolicy, althoughthe �ts arequite accurateoutsideof this period. The � coef�cients of

eachvariablearesigni�cant at theonepercentlevel andareall closeto one(not reported).

4.3 Credit SpreadsData Description

In this subsection,we constructempirical counterpartsfor the credit spreadsof “representative

�rms” in the economywhich all have commonfundamentalprocessesbut have different levels
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of leverage. We follow an impressive list of work including Longstaff and Schwartz (1995) in

studyingimplicationsof structuralform modelsfor credit risk at an economy-widelevel using

popularindexesof creditspreads.Defaultablebondpricesof these�rms areformulatedusingthe

pricing formula in Proposition5. We provide a brief descriptionof dataandmodelseriesin this

subsection,andfurtherstudytherelationshipsbetweenthemin Section5.

We start with a descriptionof our dataseriesfor credit spreads.We useyields of indexes

of different investment-graderating categoriesof Moody's corporatebond indexes. Eachrating

index containsa relatively smallnumber(75-100)of themostliquid corporatebondsin thatrating

category with initial maturitiesof about20 years.The indexesexcludeconvertible bonds,but do

not excludebondsthat have embeddedoptionsfor issuers.In additionto the fact that the bonds

includedare likely to be actively traded,we have long time serieson theseindexes. We usethe

samplefrom 1958-2001,thesameperiodfor whichwehave Treasurybondyieldsavailablefor our

calibrationexercise.Our basiccreditspreadde�nition for a ratingcategory is its yield difference

over Aaa-ratedbonds.We alsoreportsomeresultswhenthe differenceis taken over the10-year

Treasuryrate(the 20- and30-yearseriesdo not have datafor all datesin our sample). We also

have similar indexes of yields between1973-1998constructedby LehmanBrothers. We obtain

verysimilar resultsfrom usingeitherof thetwo series.Wealsohaveavailablereturnsdataonthese

LehmanBrothersindexes,andwewill usetheseto testpropertiesof returnsovertheshortersample.

Finally, we notethatwe have availableaverageindex yieldsfor bondsin LehmanBrothersindexes

which only useoption-freebondsover the smallersamplefrom 1985-1998.9 Prior to 1985there

wereno non-callablebondsoutstanding.Our resultson this samplearealsosimilar to thosefrom

Moody's series(for brevity wedo notpresentthese,but will make themavailableonrequest).

4.4 The Credit Risk Convexity Effect and the Credit SpreadsPuzzle

Forconstructingmodel-basedspreadsof agivenratingcategory, wetaketheapproachthattherating

agenciesadoptthe“through-the-business-cycle” approach,whichwasdescribedin theintroduction,

to assigning�rms to a givenratingcategory basedon its averagesolvency ratio throughgoodand

badtimes.Thetimepathof thesolvency ratiois constructedasdescribedin Section4.1.Thespread

at time t is generatedusingthecalibrated� t seriesass(Z t ; � t ; t; T) in eq. (22).

As seenin Figure4, default probabilitiesunderthe risk-neutral measure changequitesigni�-

cantlywith thestateof fundamentals.We plot the10-yeardefault probabilitiesfor variouslevels

9We thankGreg Duffeefor providing theseseries.
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of the long-runsolvency ratio andconditionalon having perfectknowledgeof fundamentalsbe-

ing in eachof the four possiblecompositestates.In the plot, we setZ i = Ci =(C � � � ) k 10 The

probabilitiesarefor different levels of k: As canbe seenthe default probabilitiesfor eachgiven

level of thesolvency ratio shift dramaticallywith thestateof in�ation, andonly slightly with the

stateof earninggrowth. Take for examplethecasewherek = 2:5: in the(LI-HG) statethedefault

probabilityis about3.5percent,in the(MI-LG) and(MI-HG) statesit is around26 and19 percent

respectively, andin the(HI-LG) stateit is about37 percent.Usingtheunconditionalprobabilities

of the four states,� � asshown Table1, we obtainan unconditionalaverageof the default rateof

the�rm with a long-runsolvency of 2.5of about13.5percent.Thedefault probabilitiesunderthe

objectivemeasurearelower thanundertherisk neutralmeasurebecauseof theeffectof thepositive

risk premiumof about7.6percentin ourmodelwhichmakesthedrift of thesolvency ratiopositive

undertheobjective measureandthesimilarly constructedunconditionalaverageis 4.6percent.

For our calibrationexercisesin the following sectionwe generatea model implied Baa-Aaa

spreadseriesusingthe�rm' s averagesolvency ratio of k = 2:5 in eachstate.Thechoiceis based

on theaverageleverageof BBB (equivalentto Moody's Baarating) �rms asreportedin Standard

and Poor's 1999publicationCorporate RatingsCriteria. For bondswith ten-yearmaturitieswe

generatea credit spreadof 31 b.p in the (LI-HG) state,which balloonsto over 257 b.p. in the

stag�ation state. In the `normal' recessionstate,(MI-LG) stateit averages205 b.p., while in the

stateof mediumin�ation, but still solid growth it is 157b.p. Usingthestationarydistribution over

stateswe obtainanunconditionalaverageof thecreditspreadof 106b.p. By comparison,theBaa-

Aaaspreadin thesamplefrom 1958-2001wasabout97 b.p., while theBaaless10-YearTreasury

spreadis largerat 172b.p.

A substantialpart of the spreadis attributedto a credit risk convexity effect, which will arise

in any othermodelwith a time-varyingsolvency ratio. To illustratethecreditrisk convexity effect

in a simpleandeasilyveri�able way, we adaptthe BSM model to our structuralassumptionsof

debtgrowth at thenominalshortrateof interest,andno payoutsprior to maturity. We incorporate

a proportionalbankruptcy cost parameter, � to enablethe model to �t historical recovery rates

10 Implicit in this calculationis that the �rm' s valueat time t is V Q
t = Ci E t Qt : Its debt level at t to be in a

rating category with a long-runsolvency ratio of k is determinedby (C �� � ) E t Q t

D Q
t

= k: Now substitutingfor

Z t = V Q
t =DQ

t gives the statedlevel of the conditionalsolvency ratio. Alternatively, this is the level of the
solvency ratio that the �rm would have at t startingwith Z0 = k andtheprocessesfor theassetvalueanddebt
growth asspeci�ed.
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aswell; building this featureinto our model is straightforward.11 For example,�xing the asset

value-to-debtratio to 2.5, choosingthe asset-volatility parameterto equal21.9percent,which is

theaveragevolatility endogenouslygeneratedasin eq. (16) usingthecalibratedbelief processwe

obtaina creditspreadfor abondwith a 10-yearmaturityof 46 b.p. for thecase� = 0: Next, if we

useourcalibratedstationaryprobabilitiesandassetvalue-to-earningsratiosin thefour statesin the

bottompanelof Table1, thenusingthe formula Z i = Ci =(C � � � ) 2:5 we obtainsolvency ratios

of 3.34,1.60,1.80,and1.24. Calculatingthespreadusingtheseinitial ratios,andthenaveraging

usingthestationaryprobabilitiesweobtainanaveragespreadof 73basispoints,whichis 59percent

higherthanthespreadusingtheaveragesolvency ratio. Finally, if we usea market priceof risk of

0.36(this is theSharperatioobtainedfor theassetvalueprocessin ourmodel),wewouldobtainan

averagedefaultprobabilityin thefour statesundertheobjectivemeasureof 3.6percent,whichis 0.9

percentlower thantheaverage10-yeardefault probabilityof BBB bondsasreportedby Standard

andPoor's (andusedin thecalibrationby HH).

The intuition behindthe resultis straightforward: Thecredit spreadis convex in the solvency

ratio. The top panelof Figure5 illustratesthe point. Whensolvency ratiosvary over time, the

averagespreadis higherthanthespreadat theaveragesolvency ratio. HH in all their calibrations,

always report the latter. As such, the amountof the spreadthey justi�ed by credit risk is too

low. In our model,debtgrows at a steadypacewhile assetvaluationsvary morewith changing

investors'beliefsof thestateof theeconomycausingthesolvency ratio to �uctuate. The“through-

the-ratings”cycle approachimpliesthatratingagenciesdo not changecompaniesratingsbasedon

such�uctuations. In calibratingstructuralform modelsfor bondswithin a given rating category

therefore,theeconometriciantoomustaccountfor changesin thesolvency ratioover time.

Theconvexity effect of changingassetvaluationsandsolvency ratiosis inverselyproportional

to assetvolatility becausefor higher levels of volatility, spreadsare lesssensitive to the initial

solvency ratio. Wenote,thatin theircalibrations,HH usehigherlevelsof assetvolatilities,of about

11

Thebondpricefor this caseis givenby

Pt = e� r � (T � t ) � [N (d2) + (1 � � ) Z t (1 � N (d1))] ;

d1 =
logZ t + � 2=2 � (T � t)

� �
p

T � t

d2 = d1 � � �
p

T � t:

Since� � r = � � m � ; where� is thedrift of theassetvalueprocessundertheobjective measure,and� m is
themarketpriceof risk of thesingleshock,thedefaultprobabilityundertheobjectivemeasureis 1 � N (dOM

2 );
wheredOM

1 =
�
logZ t + [(� � m � � ) � � 2=2] � (T � t)

�
=(� �

p
T � t): Therecoveryrateconditionalondefault

undertheobjectivemeasureis givenby (1 � � ) Z t e� � m � (T � t ) (1 � N (dOM
1 ))=(1 � N (dOM

2 )) ; wheredOM
2 =

dOM
1 � � �

p
T � t:

24



26 percentfor BBB-rated�rms. In this case,the increasedspreaddueto the convexity effect is

lower, at 42 percent.In theright panelof Figure5, we calculatetheratio of theaveragespreadto

thespreadat theaveragesolvency ratio— whichwecall theconvexity premiumfor thecasewhere

thesolvency ratiosandtheir probabilitiesaregiven asin our calibratedmodelabove. As another

example,for a �rm with assetvolatility of 16percent,andthesameassetvaluationratiosasabove,

wouldhave anaveragespread2.7timeshigherthanthespreadat theaveragesolvency ratio!

In computingmodel-impliedspreadsHH not only matchedthe historicaldefault probability

undertheobjective measure,but alsorecovery rates.By having non-zerobankruptcy costs,we are

ableto matchboth estimates.Computingagainthe averagespreadwith a time-varying solvency

ratioascalibratedabovewe �nd thatwith amarketpriceof risk of � m = � 0:322; volatility of 21.7

percentandbankruptcy costsof � = 0:35; we matchthehistorical10-yeardefault probabilityof

0.045,therecovery rateof 0.51centsperdollar, andobtaina creditspreadof 131b.p., morethan

twice ashigh asHH foundin mostmodels.Eom,Helwege,andHuang(2004)useestimatesof �

in this rangeandpoint to recentempiricalevidencesupportingsuchvalues.Finally, incorporating

bankruptcy costs(assumedzeroin ourmodel)will furtherincreasethespreadby another50-70b.p.

It is importantto point thattheconvexity effectapproximatedfrom theBSM modelwith chang-

ing solvency ratioswasableto boostthecreditspreadto 73b.p.,while ouraveragemodelspreadis

higher, at106b.p. Theremaining33basispointsis dueto two additionaleffects,whichwedescribe

next.

Firstly in ourmodel,theconvexity effect is largerdueto thefactthatassetvolatility is stochastic

andnegatively covarieswith assetvaluations(theformeris higherandthelatter is lower in higher

in�ation states). This further boostsspreadsin low valuationstatesand lowers them in higher

valuationstates,enhancingtheconvexity effect. To quantifythiseffectwe�rst �nd thattheaverage

volatility forecastedat the 10-yearhorizon,which are relevant for pricing in the four states,are

0.178,0.318,0.232,0.299respectively.12 UsingtheBSM modelwith thesolvency ratiosspeci�ed

earlier, and thesevolatility forecasts,andaveragingusing the stationaryprobabilitiesprovidesa

spreadof 96 b.p. That is, this effect explainsan incremental23 b.p. This effect alsoincreasesthe

averagedefaultprobabilityundertherisk neutralmeasureto 4.6percent,atabouttheobservedlevel

for BBB bonds.

The secondincrementaleffect in our model is the negative covariancebetweeninterestrates

andassetvaluationratios(seeTable1), a channelthat alsobooststhe long term assetpremiums

12Let �v(t; T; � t ) = E [
RT

t jj � Q
V (� s)jjds]; betheforecastof volatility to thematurityof thebond.Then�v(t; T; � t )

follows thePDE:0 = � �vt + jj � Q
V (� )jj + �v� (� (� ) � � (� )) + 1

2 � (� )� (� )0: We solve this PDEwith projection
methodssimilar to thesolutionof thefundamentalPDEin eq. (20).
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in our modelandhencelowersthe pricesof defaultablebonds.13 We canquantify this effect by

solving the PDE (20) for bondpriceskeepingall statevariableswith the samespeci�cation,but

holdingtheshortrateconstantat its model-impliedaverageof 6.05percent.By doingthis,we are

essentiallyreducingthe covariancebetweenthe pricing kernelandsolvency ratios to zerosince

at long horizonsthe variation in the discountfactor is dominatedby the variationof its growth

term(seepage473in Cochrane2001).Recalculatingthespreadin eachstateandaveragingusing

thestationaryprobabilitiesprovidesusanaveragespreadof 97 basispoints,which meansthatthe

covarianceeffect accountsfor 106 - 97 = 9 b.p. Chen,Collin-Dufrense,andGoldstein(2005)

(henceforthCCG)usedtheCampbellandCochrane(1999)habit-formationmodelto generatethis

covariancein generalequilibrium. Similar to our calculation,holdingthesolvency ratio constant,

they reporta modelspreadof 60 b.p., about13 b.p, higherthanour BSM benchmark.14 Thesmall

impactof thischannelshows thateventhoughinterestratesandcreditspreadsarecorrelatedin our

model(asin thedata),thefactthatinterestratesarestochasticis not importantfor generatinghigh

spreads.Insteadit is their (in�ation' s) signalingrole that impactsassetvaluationsandvolatilities

andenlargesspreads.

CCGalsoexaminetheability of theBansalandYaron(2004)modelto resolvethecreditspreads

puzzle,which like ourmodel,hasa time-varyinggrowth rateto fundamentalprocesses.In contrast

to the resultsfor the equity premiums,holding assetvaluationsconstant,they �nd that the time-

variation in growth ratesitself cannotjustify a large spreadsincecorporatebondshave ten year

maturities,and stochasticgrowth rateshave a signi�cant impact on assetvaluesonly at longer

horizons.

13The bond price in our model can be written as Pt = E t [ N T
N t

(1 � 1Z T < 1(1 � ZT ))] =
E t [ N T

N t
]E t [(1 � 1Z T < 1(1 � ZT )) ] + Cov[ N T

N t
1Z T < 1(1 � ZT )]: The �rst term is the value of discounted

expectedlosses,which arepinneddown from dataon historicaldefaultsin modelcalibration.Thesecondterm
showsthatthebondpricewill belower(andhencespreadshigher)in modelswherethecovarianceof thepricing
kernelandthesolvency ratio is positiveat the10-yearhorizon.Sincethedrift of thekernelis thenegativeof the
nominalinterestrate,this happenswheninterestratesandsolvency ratiosarenegatively related.

14The habit-formationmodelimplies that risk premiumsarecountercyclical, andhence,conterfactually, that the
probabilityof default undertheobjective measureis lowestin recessions.CCGareableto improve theperfor-
manceof themodelby postulatingadefaultboundarythatincreasesmorerapidly thandebtin recessions.While
volatility andrisk premiumsarehigherin recessionsin our modelaswell, solvency ratiosareendogenousand
fall in theseperiods,thusavoiding thecountercyclicality of default probabilities.
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4.5 The Time Seriesof Credit Spreadsand the Credit SpreadsVolatil-

ity Puzzle

Returningto ourmodelresults,onenaturallyquestionsif movementsin theaggregatesolvency ratio

leadto spreadmovementsthatareconsistentwith timeseriesof observedcreditspreads.Usingthe

calibratedsolvency ratioseries,f Z t g andbeliefsof thestates,f � t g; weuseeq.(22) to generatethe

time-seriesof modelspreads,CSM(t): ThehistoricalBaa-Aaaspreadobtainedfrom Moody's and

the�tted seriesarein Figure6 andareusedin theregressionsbelow:

CS(t) = 0:0306 + 0:887CSM(t � 1) (26)

= (0:535) (17:537) R2 = 0:642; (27)

wheret-statisticsarein parentheses.We make the following summarycomments:(i) The model

spreadsexplainsabout64percentof thevariationin thehistoricalspread.While somereadershave

questionedtherole of in�ation in recentyears,the�t in the �rst andsecondhalvesof thesamples

explain54and72percentof thevariationrespectively (regressionsnotshown), (ii) Theinsigni�cant

intercepttermfollowsfrom thefactthatin ourmodelthereis nocreditspreadspuzzle,(iii) Wehave

usedthe one-quarterlag of the model spread. Highly signi�cant regressionsare also obtained

with thecontemporaneousregression,however, the �t one-quarteraheadis better, suggestingthat

investorsdonotfully adjusttoall incomingnewsonin�ation instantaneously. Wereturnto thisissue

in thefollowing section.(iv) Severalauthorsin thepasthave presentedtheregressionsin changes

of spreads,dueto thepossiblenon-stationarityof historicalspreads.We �nd that theevidencefor

non-stationarityof thespreadis notstrong.15 Nevertheless,wepresentlevel regressionshereandin

Section5 wealsopresentregressionsof returnson thebondindexes,whicharemoretightly linked

to the theorythanchangesin spreads.In addition,therehasrecentlybeena recentresurgencein

understandingthelevel of spreads(seeEom,Helwege,andHuang2004,HuangandHuang2003).

Finally, thecreditriskconvexity effectoutlinedaboveis relatedto thevolatility of creditspreads,

sincemore volatile spreadsenhancethis convexity. We �nd that the standarddeviation of the

historicalBaa-Aaaspreadis about45 b.p., andthemodel�tted spreadin Figure6 hasa standard

deviationof 43basispoints.Therefore,thechangingsolvency ratioin ourmodelisableto addresses

thecreditspreadsvolatility puzzleraisedin CCG,who point out thatfor severalcreditrisk models

15Theestimatefor theautoregressiveparameterusingtheAugmentedDickey-Fullerprocedure(Dickey andFuller
1979)with notimetrendis 0.914,with at-statisticof -2.667.The5 and10percentcritical valuesof thet-statistic
are-2.876and-2.568.Theestimatefor theautoregressiveparameterusingthePerronprocedure(Perron1989)
is 0.909,with a t-statisticof -2.810.The10percentcritical valueis -3.130.
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in which the solvency ratio is held constantin the calibrationexercise,the predictedvolatility of

spreadsis too low (around10 b.p.). In addition,usingour bondpricing formula andcalibrated

beliefs,but alwaysusingthesolvency ratioof 2.5leadsto astandarddeviation of only 7 b.p.

4.6 Credit Spreadsand the Timing of MacroeconomicRecessions

Asseenin Figure6creditspreadsincreaseduringeconomicrecessions(seealsoDuf�e andSingleton

2003). This might suggestthat a two stateobservableregime switchingmodelfor credit spreads

suchasin Hackbarth,Miao,andMorellec(2005)mightbeadequateto capturemostof thevariation

in creditspreads.16 However, suchamodelprovideslimited successin �tting historicalspreads:the

regressionof thehistoricalBaa-Aaaspreadon theNBER recessionindicatoryieldsanR 2 of only

9.6percent,whichmightsuggestthatmacroeconomicfactorsoverallplayasmallrole in explaining

thetimevariationin spreads.Wearguethatsuchaconclusionmightbeprematureandin factthere

arecritical timing issuescapturedin ouranalysisthatshow therelationshipto bestrongerandmore

economicallysigni�cant.

Our model builds an intertemporalrelationshipbetweenthe statesof in�ation and real eco-

nomicgrowth — high growth ratesstatesarelessstablein higherin�ation states— causingasset

valuationsto fall andcredit risk to rise in suchperiods. In addition,the higheruncertaintyabout

futurerealshiftsimpliesthatinvestorswill reactmoreto news in thefutureincreasingforecastsof

volatility in thesestates,a relationshipthatis testedin David andVeronesi(2004).Schwert(1989)

documentsthatvolatility is higherin recessions.Both reasonssuggestthatour modelbasedcredit

spreadshouldpredictrecessions.A standardGrangerCausalitytestof thenull hypothesisof our

modelspreadnot causingNBER recessionswith four lagsyields an F-statisticof over 11 with a

p-valueof theorder10� 8; whichmeansthenull of nocausalityis stronglyrejected.Thep-valueof

thereversetestis 0.69.In thissense,ourmodelspreadleadsrecessions.

16Their modelprovidessomekey insightsinto �nancing anddefault policiesof �rms throughthebusinesscycle. How-
ever, it is well known thatmarket participantsareunsurein real time of thestateof theeconomy. Therefore,it would be
hardfor �rms to adjustleverageanddefaultpoliciesin realtimeasadvocatedby HMM. Thecurrentpaperexplicitly builds
in investors'uncertaintyof thestateof theeconomy. Moreover, higheruncertaintyitself canaffect thelevel of spreadsdue
to highervolatility in thesetimes.

28



5 Dynamic Implications of the Model

Webreakuptheanalysisinto threeparts,explainingin turnthemomentumeffectsin creditspreads,

the predictabilityof corporatebondexcessreturns,andthe time variationin the sign of the risk-

returnrelationshipfor theseexcessreturns.

5.1 Momentum Effects in Credit Spreads

It hasbeenrecognizedfor a while that informationin the term-structureof interestratesis useful

in predictingfuturerealeconomicgrowth. For example,in themacroeconomicsliterature,Estrella

andMishkin (1998)report that the inversionof the yield curve invariably leadsto a recessionof

theU.S.economy. In �nance,Glosten,Jagannathan,andRunkle(1993)�nd thatshortratespredict

volatility of stockprices,whichis alsoknown to becountercyclical (seefor exampleSchwert1989).

Both �ndings imply that credit risk shouldincreasewith an increasein the short rate. However,

Duffee (1998)reportedthat the correlationbetweencontemporaneouschanges in short ratesand

creditspreadsis negative. He alsoreportsthatthelongertermrelationshipbetweenlevelsof these

variablesis positive, but statisticallyinsigni�cant. We make threecontributions to this literature:

First,weshow thatthelongertermrelationshipis sensitive to thede�nition of thespread— spreads

over Treasuriesratherthan spreadsover Aaa-ratedbonds. Second,we show that after a rise in

interestrates,spreadscontinueto increasefor up to two years. Therefore,thereseemsto be a

momentumor under-reactioneffect in corporatebondsspreads.Finally, we show that modeling

investors'learningprocessof thestateof fundamentalscanjustify partof this prolongedreaction

of creditspreads,but alsois a re�ection of thewell known illiquidity of thecorporatebondmarket,

whichadjustsslowly to in�ation news.

Following Duffee(1998)we estimatea VAR for shortratesandcreditspreads.Duffeealsoin-

cludedtheslopeof theterm-structurein theVAR, but likehim, we�nd thatthesignof its long-term

relationshipis insigni�cantly differentfrom zero,andthereforedonot includeit in ouranalysis.Let

T3M denotethethreemonthTreasuryBill rate,andCSdenotethedifferencebetweenBaaandAaa

yields.Theestimatesof theVAR are:

T3M (t) = 36:796 + 0:952� T3M (t � 1) � 0:084� CS(t � 1); (28)

(2:055) (31:106) (� 0:438) �R2 = 0:893

CS(t) = 1:197 + 0:032� T3M (t � 1) + 0:792� CS(t � 1) (29)

(0:361) (5:659) (22:268) �R2 = 0:844;
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wheret-statisticsarein parentheses.Thereforea lag of the shortratehelps�t the currentcredit

spread,while lagsof the credit spreaddo not predict the short rate. Grangercausalitytests(not

reported)con�rm this conclusion. Including additionallags in the speci�cation led to little im-

provementsin the�ts, andwerenot requiredusingstandardlag-lengthcriteria.

To studythelong termrelationship,we studyimpulseresponsefunctionsandvariancedecom-

positionsgeneratedfrom this model, and the resultsareplotted in Figure 7. If a changein the

shortratewereto indeedsignala changein credit risk andthemarket reactedimmediatelyto the

new information,thenwe would expecta signi�cant responsein the �rst following quarter, and

an insigni�cant responsein following quarters.Panel(A) shows that theestimatedresponseof an

orthogonalizedonestandarddeviation shockto the shortratein the �rst quarteris a negative but

small,of about3 basispoints(b.p.). Fromthesecondto thetenthquarterstheresponsesarepositive,

cumulatingto over 50 b.p. over this period.Theresponsesarestatisticallysigni�cant asindicated

by thetwo standarddeviation bandsof theseresponses.Theadjacentpanel(B) shows thatshocks

to the short rateexplain about38 percentof the variationin the credit spreadover the following

tenquarters.Therefore,creditspreadscanbepredictedfrom movementsin theshortrate,andthe

predictabilityincreasesfrom thesecondto thetenthquarters.17

The signi�cant positive responseis at oddswith the analysisin Duffee, who usedthe credit

spreadde�nition asthedifferencebetweentheBaayieldsandTreasuryrates.We show theanalo-

gousimpulseresponsesandvariancedecompositionsusingthis alternative de�nition of thecredit

spreadin Panels(C) and(D) and�nd similar resultssimilar to his. The responseis signi�cantly

negative for the �rst four quarters,andturn positive by the tenthquarter, but the latter is not sta-

tistically signi�cant. Thevariancedecompositionsshow thatpredictabilityof this spreadmeasure

declineswith thehorizon. Theinitial negative responseis consistentwith a slower initial reaction

to in�ation news in the corporatebondmarket. As notedby Duffee, this relationshipholdseven

for bondsfreeof optionsin theshortersample.Thedeclinein predictabilityof thisspreadmeasure

alsore�ects thesegmentationof thetwo marketsandpossiblyadditionalunpredictablefactorssuch

asepisodesof �ight-to-quality andtaxchanges,whichareunrelatedto macroeconomicfactors.

We next examineif the impulseresponsesareindeeddueto the effect of changesin in�ation

expectationsasopposedto othereconomicshocksthat �rst impacttheshortrate. While we could

have displayedthe measureof expectedin�ation from our model, we insteadreport the results

simplyby usingrealizedin�ation. Theadvantageof simplyusingrealizedin�ation is thatit is free

17Onepossibilityis thatthelong livedresponseis dueto theembeddedcall optionsin corporatebonds.While this is hard
to rule out, we mitigatethis effect by taking the differencebetweentwo investmentgradeindexes,eachof which would
holda similarembeddedvalue.
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of modelmis-speci�cationandlook-backbiasesdueto model�tting. Panel(E) con�rms that the

responseof creditspreadsto in�ation shocksis positive andsigni�cant, but reachesa maximumat

aboutthesixth quarter. Thevariancedecompositionshows that thepredictablecomponentof the

futurecreditspreadis of asimilar proportionto thatof theshortrate.

Finally, we askif this momentumin thespreadcanbeexplainedby investorsgraduallylearn-

ing aboutthe underlyingstateof in�ation asopposedto the corporatebondmarket simply being

inef�cient in reactingto news. Indeedthe top left panelof Figure3 shows thatexpectedin�ation

is smootherthanrealizedin�ation, andthis learningis purely rational. We addressthe question

posedby �tting theanalogousVAR modelto themodelimplied shortrateandcreditspreadwhich

weredescribedin theprevioussection.We generatethemodel-basedBaarateasexplainedin the

previoussection.Panel(G) shows thatin our calibratedmodel,investorswould reactto a shockin

theshockratefasterthanin thedata,with theresponsein the�rst quarterof about10 b.p.,peaking

at about11.5b.p. in the third quarterandthendecliningdown to 6 b.p by the tenthquarter. The

variancedecompositionin Panel(H) shows thatat thetenquarterhorizontheproportionof thefu-

turespreadmovementsforecastableby theshortrateis 44percent,about6 percentmorethanin the

data.Notably, themodelimpliesthatthespreaddoesnot respondto theshockimmediately:in part

theobserved momentumin the datacanbe rationalizedby learningeffects. However, theslower

reactionin the dataseriesis alsosomeevidenceof market inef�ciencies. An implication of the

fasterresponsein ourmodelthanin thedatais thatthemodelspreadleadsthedataspread.Indeed,

the p-value for the null hypothesisof the modelspreadnot Grangercausingthe modelspreadis

0.0001,while thep-valueof thereversecausalityis 0.737.

We endthis discussionby returningto Duffee's observation thatchangesin spreadsandshort

ratesarenegatively correlated.The ratesandspreadsin the four statesin our model in Table1

imply thatthecorrelationcanswitchsignover time. Transitionsbetweenthetwo mediumin�ation

statesdo displaythe negative correlation,however, going acrossin�ation regimes,nominalrates

andspreadsmove in the samedirection. Our discussionabove implies that the reactionof credit

spreadto incomingin�ation news is sluggishasit canbe predictedby our modelspread.In the

data,if we take thecorrelationbetweenchangesin thecurrentspread,andtheone-quarterlagged

shortrate,thecorrelationis indeedpositive.
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5.2 Predictability of ExcessReturns on Corporate Bonds

As with equitymarkets,thereis now accumulatingevidencethatcorporatebondreturnsare(at least

partially)predictable.Ourinvestigationinto recentresultsonpredictabilityis in largepartmotivated

by anempiricalresultin Elton,Gruber, Agrawal, andMann(2001)thatreturnson corporatebonds

arerelatedto measuresof systematicrisk, but unrelatedto measuresof default risk. They write:

We tried actualchanges(perfectforecasting)andseveraldistributedlag andleadmod-

els. None of the resultswere statisticallysigni�cant or had consistentsignsacross

differentgroupsof bonds. Changesin default risk do not seemto containany addi-

tional informationaboutsystematicrisk beyond the informationalreadycapturedby

theFama-Frenchfactors.

An implicationof the studyis that portfolio managersneednot worry aboutseparatelymodeling

credit risk in portfolio allocationdecisionsincluding corporatebonds,but canmake asef�cient

choicesbasedon equity-market risk factors.

The hypothesisof this paperis that investors' learningof the statesof fundamentalgrowth

simultaneouslyleadsto time variationin therisk of default andexpectedreturnson all securities.

Themodelimpliesthattherisk premiumson corporatebonds�uctuate with investors'uncertainty,

andthuscanpotentiallyexplain thedynamicsor time-variationin expectedreturn.Werecallthatin

ourmodelmarketpricesof riskareconstant,soany predictabilityis arisingpurelyfrom thevariation

in theamountof risk. Thetwo-shockstructureof our modelhassomeadditionalimplicationsfor

thetrade-off betweenrisk andreturnin ourmodel,whichwestudyin theSection5.3.

We obtainquarterlyrealizedreturnson threeinvestment-gradeLehmanBrothersindexesfrom

1973to 1998.Expectedexcessreturnfor abondof agivenratingcategoryis calculatedas� P � r =

� � P (Z t ; � t ; t; T) � 0
M ; where� P (�; �) is asin Corollary2, andthesolvency ratioZ t is calculatedas

in Section4.4startingwith Z0 = k: Thelong run solvency ratio k is 2.5,3,and4.7 for theindexes

ratedBaa,A, andAa respectively (seeHuangandHuang2003).

Formal test resultsfor the time-variation in expectedreturnsare provided in Tables2. We

provide two setsof results:the �rst with contemporaneousindependentvariables(left panel)and

laggedindependentvariables(right panel). We begin our discussionwith the contemporaneous

case. The �rst �nding in Table 2 is that the model-basedexpectedreturn on bondshashighly

statisticallysigni�cant coef�cients in explaining realizedreturnsin thecurrentquarter(lines2, 5,

and8). In eachcasethe p-valuessuggeststatisticalsigni�cance at the 1% level. The R2 range

from 12.9%for Aa-ratedbondsto 15.6%for Baabonds,that is predictabilityincreasesfor bonds
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with higherdefault risk. To put thesenumbersin perspective, we compareour resultswith those

in Elton et al., who usetheFama-French(FF) factorsasregressors.Thesefactorsprovide higher

R2s of between25 and31% for the threeindexes. We notethat we presentresultsfor quarterly

returns,while Elton et al reportedmonthly returns,accountingfor theslightly higherR 2 reported

hererelative to their paper. Interestingly, whenwe combinetheregressors,we �nd thatall remain

statisticallysigni�cant, andtheR2 now rangebetween31 and40 percent.As notedabove, Elton

et. al. wereunableto improve the�ts by addingseveralmeasuresof default risk.

Formaltestresultsfor thetime-variationin expectedreturnsareprovidedin Table2, wherewe

regressreturnson differentbondindexeslessAaa index returnson the one-quarterlaggedmodel

basedexpectedreturn.UsingAaareturnsasopposedto Treasuryat leastpartially accountsfor the

returnon liquidity andothersegmentationissues,for which our modelhasno prediction.In brief,

for BaaandA ratedbonds,the modelbasedexpectedreturnis alwayssigni�cant, while the �rst

andthird FF factorsaregenerallynot. Themodelbasedexpectedreturnsexplain about6-7 of the

variationin excessreturnsonequarterahead,while theFFfactorstogetherexplainabout11percent.

Interestingly, whenwe combinetheregressors,we �nd thatall remainstatisticallysigni�cant, and

theR2 arecloseto additive. As notedabove,Eltonet. al. wereunableto improve the�ts by adding

severalmeasuresof default risk. Interestingly, for theAa ratedbonds,noneof theregressorsis very

usefulfor prediction,andanunderstandingof returnsfor thesebondsremainsapuzzle.

Theliteratureonpredictabilityof returnsisvast,andwemakethefollowing summarycomments

to addresssomeimportantissuesthathave arisen.

1. Thepredictabilityregressionswe reportarefor one-quarterahead,andarenot long-horizon

regressions.It hasbeennotedthattheR2 typically increaseswith horizon,but is likely biased

dueto theoverlappingobservationsproblem(Kirby 1997).

2. Thebetaestimateshave a biasif theregressorsarehighly persistent(Stambaugh1999).The

autocorrelationparameterat the quarterlyfrequency of the model-basedexpectedreturn is

only around0.78,andwould likely causeasmallbias.

3. Several authorshave found fundamentalratios suchas the dividend yield to provide pre-

dictability for stock returns(see,for e.g. Campbell,Lo, and MacKinlay 1997). We tried

variousfundamentalratiosand found low R2s of the orderof 1-2 percentat the quarterly

frequency.

4. Several authorshave found that in�ation-relatedvariables,suchasthe short rate,the slope

of the term-structure,and laggedin�ation itself predictsreturns(see,for e.g. Fersonand
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Harvey 1991,BoudoukhandRichardson1993).Thethreevariablestogetherprovide a �t of

around3-4 percent,which is signi�cant but not ashigh asby our model. Their signi�cance

is not surprising,sinceinvestors'beliefsarecalibratedto thesevariables.Our contribution

is to explicitly model the role of thesemeasuresin forecastingdefault risk, andto test the

implicationsfor expectedreturnsthroughanequilibriumstructuralform model.

5. In recentwork, Baker, Greenwood,andWurgler (2003)reportthatmeasuresof thematurity

of debtissuespredictreturnson corporatebondsat anannualfrequency. We constructedthe

samemeasures,but did not �nd signi�canceat thequarterlyfrequency.

5.3 The Tradeoff BetweenRisk and Return on Corporate Bonds

Thesignof therisk-returntradeoff is perhapsthemostfundamentalissuein �nance. Theprofes-

sion asa whole disagreeson the sign of the relationshipfor stocksor whetherit is a statistically

signi�cant relationshipatall; for example,Glosten,Jagannathan,andRunkle(1993)andWhitelaw

(1994)supportanegative relationship,while Scruggs(1998)andHarrisonandZhang(1999)�nd a

positive relationship.Thelattertwo papersalsoprovide extensive listsof referencesthatdocument

signsin differentdirectionsandinsigni�cant relationships.We take this debateover to returnson

corporatebonds,and�nd thattherelationshipis time-varying.Ourmodelis ableto shedsomelight

on theobservedvariationin differentsub-samplesof ourdata.

With aconstantmarketpriceof risk in aoneshockmodel,theSharperatiowouldbeaconstant,

andthereis suf�cient empiricalevidenceto rejectthis hypothesisfor differentassetclasses.The

implication of all assetpricesrespondingto two shocksis that the risk-to-reward ratio is time-

varying.TheSharperatio for bondreturnsconditionalontheassetvalueto debtratioandinvestors'

beliefsat time t is givenby

� B (Z t ; � t ; t; T) = �
� P (Z t ; � t ; t; T) � � 0

M

jj � P � � 0
P jj

; (30)

where� P (�; �) is thevolatility of thebondwith respectto thetwo shocksis givenin Corollary2. As

seenin Table1, � M ;1 < 0 and� M ;2 < 0. Also notethatthevolatility of thebondpricewith respect

to thein�ation shock,the�rst elementof � P (Z t ; � t ; t; T) is negative, while thesecondelementis

positive. This follows from thesignsof thevolatility of the�rm' sassetvalueprocessin Proposition

3 (it is straightforward to verify from Table1 thatthein�ation andV/E statevectorsarenegatively

relatedasis neededin thisproposition),andfrom Corollary1 (i), which impliesthatthebondprice

is increasingin thesolvency ratio. Finally, thevolatility with respectto thekernelshockis negative,
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but for thecalibratedparameterswe�nd it smallandexplainsanaveragerisk premiumof only -0.3

percent,sowe will excludeit from furtherdiscussion.

Thesignsof themarketpricesof risksandtheirvolatilitiestogetherimply thattherisk premium

associatedwith in�ation shocksis negative, and with earningsshocksis positive. The negative

covariancebetweenexpectedin�ation andexpectedreturnsfor stockshasbeennotedby notedby

severalauthors(for e.g.Fama1981,Stulz1986). While our modelis not consumptionbased,our

interpretationis thatpositive shocksto in�ation occurduringperiodsof weakearningsgrowth and

thereforeinvestorsarewilling to accepta negative risk premiumto bearthem. Positive earnings

shocksoccurin periodsof strongreal fundamentalsandinvestorsthereforerequirea positive risk

premiumto bearthese.Due to thediffering magnitudeof the two market pricesof risk andtime-

variationin thetwo volatilities, therisk-to-rewardratiowill varyover time.

Westartby examiningtherelationshipin thedatafor Baa-ratedbonds.Wefoundsimilar results

for theotherratingcategories.Following theanalysisin Glosten,Jagannathan,andRunkle(1993)

we�t thefollowing EGARCHmodelthatusesin�ation to forecastfutureexpectedreturnsonbonds:

loght = ! + � 1 loght � 1 +
4X

p=1


 p (jvt � pj � E jvt � pj +  vt � p); (31)

r t = � + � in� t � 1 + � t : (32)

wherein� t is quarterlyin�ation at t: As notedin theprevioussubsection,substitutingin�ation in-

steadof expectedmodel-basedreturnsalsoprovidessuf�cient predictive power for bondreturns.

The speci�cationexploits the `leverageeffect' for forecastingvolatility; if � 1 <  < 0; thena

positive returnshockincreasesvolatility by lessthananegativeshock,while  < � 1 impliesthata

positiveshockreducesvolatility. In addition,weusefour lagsof pastreturninnovations.We�t this

modelseparatelyfor the threedecadesof the1970s,1980s,and1990s,aswell asthe full sample

of 1973-1998:3for which returnsdataareavailable. The chosenspeci�cationprovidesgood�ts

for eachof thesub-samplesconsidered,whichwetestfor with standarddiagnostictestsfor volatil-

ity models. We notethat Glosten,Jagannathan,andRunkle(1993)usedshortmaturity Treasury

returnsto forecastvolatility aswell asreturns. We found similar resultsusingTreasuryratesas

well, althoughtheresultswith in�ation wereslightly betterusingsimplediagnosticmeasures.In

addition,althoughour speci�cationdoesnot directly usein�ation to predictfuturevolatility, in�a-

tion andcurrentperiodreturnsarestronglynegatively correlated,andreturnsareusedto predict

volatility. Finally, we do not usetheEGARCH-M speci�cationthat includesthevolatility forecast

in theexpectedreturnequation.As shown by Scruggs(1998),in thepresenceof otherforecasting
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variables,thecoef�cient of volatility capturesonly thepartial relationshipbetweenrisk andreturn,

or in otherwords,thismethodof identi�cation suffersfrom theomitted-variablesproblem.Instead,

we presenta measureof thetotal relationshipwhich is thecorrelation,�; between�tted expected

returnsand�tted volatility from theabove model.

Theresultsof theseestimationsareprovidedin thetoppanelof Table3. Wemakethefollowing

observations:First, thecoef�cient � < 0 in eachof thesubsamplessothat in�ation andexpected

returnsarenegatively relatedaswe found in our analysisin theprevioussubsection.Second,the

parameter is alwaysnegative,con�rming theasymmetricrelationshipbetweenreturnsandfuture

volatility is true for corporatebondreturnsaswell, andis smallerthan-1 in the1970s.Third, the

diagnosticchecksshow that the residualsfrom the �ts arenot autocorrelated,andfor eachof the

subsamples,areneitherskewednorhave fat tails. For thefull sample,thep-valuesfor theskewness

andkurtosisare7-8 percent,suggestingthat the �t for the full sampleis not asgoodas for the

individual decades.Finally, andmost importantly, �; which measuresthe sign of the total risk-

returntradeoff changessignover time. As seen,it wasstronglynegative in the1970s,lessnegative

in the1980sandpositive in the1990s.Full thefull samplethecorrelationis negative.

We next askif our modelshedslight on this unstablerelationbetweenreturnsandvolatility.

Expectedexcessreturns� � (Z t ; � t ; t; T) � � M ; and volatility �jj � (Z t ; � t ; t; T)jj are onceagain

calculatedfor the calibratedmodel as explainedin the previous subsection.The resultsfrom a

simpleregressionof returnonvolatility areshown for thefour decadesandfor thefull samplefrom

1958-2001in the bottompanelof 3. The � coef�cient is negative for the full sampleaswell as

for eachof subsamples,exceptfor the 1990s. For the 1980s,the relationshipwasmorenegative

thanimplied for thereducedform estimationabove,but thesignsagreein eachof thesubsamples.

Intuition for theresultis quitesimple.In themodel,changesin expectedreturndependsonwhichof

thetwo componentsof volatility changesmore.The1990swastheonly decadefor whichvolatility

from the real shockvariedmore thanfrom the in�ation shock,andsincethereis a positive risk

premiumfor bearingthisshock,thetime-seriesrelationshipbetweenrisk andreturnwaspositive.

6 Conclusion

We study � ve puzzlingstylizedfactsof credit spreadsandrisk premiumson corporatebondin-

dexes: Bond spreadsseemto be higherandmorevolatile thanwhat canbe justi�ed by the risks

of default, they exhibit a positive andslow responseto shocksto shortinterestrates,expectedre-

turnson corporatebondindexesexhibit signi�cant time variationwhich appearnot to berelatedto
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measuresof expecteddefault, andtherisk-reward relationshipon theseindexeschangessignover

time. Thepaperprovidesa novel approachto incorporateinvestors'uncertaintiesof in�ation and

real fundamentalgrowth into a standardcredit risk framework. A carefulcalibrationof our model

shows that investors' learningof the hiddendrifts of theseprocessis the key to resolvingthese

stylizedfacts.

Calibrationsof themodelshow that theassetvalue-to-earningsratiosof �rms arehigh in low

in�ation andhighgrowth states.High growth is unstableoncein�ation picksupcausingvaluations

to fall rapidly. This is the signalingchannelof in�ation. Therefore,the chanceof future default

is higherin higherin�ation statescausingcredit spreadsandinterestratesandothermeasuresof

in�ation expectationsto move together. Firmssolvency ratiosvary with assetvaluationsandcause

large time variationsin credit risk. Indeedtheaveragespreadproducedby themodelis about60

percentlargerthanthespreadcomputedattheaveragesolvency ratioby severalauthors— thecredit

risk convexity effect. The negative relationbetweenassetvaluationsandvolatility enhancesthis

convexity, causingspreadsto increasea further50 percent.Sincelearningaboutdrifts is gradual,

investorsslowly changetheir estimatesof credit risk following rate shocks. In periodsof high

uncertainty, assetvolatilities increase,anddependingon the compositionof shocks(real versus

in�ation) they demanda higheror lower risk premium. The measureof expectedreturnbasedis

ableto increasetheexplanatorypowerof theFama-Frenchrisk factorsby afurther60percent.This

is particularlyimpressive sinceothercreditrisk informationprovidesnegligible explanatorypower

for returns.Thelow incidenceof in�ation shocksin the1990simplied thattherisk-rewardrelation

waspositive in this decade.However, the re-emergenceof oil shocksandin�ationary pressures

suggeststhatthesignmightswitchyetagainin thecurrentdecade.

A naturalextensionof this paperis to take theimplicationsfor spreadsto individual �rm level

data.It holdspromisesincerecentwork by Duf�e, Saita,andWang(2005)hasrevealedthatinterest

ratesarehighly signi�cant in predictingdefaultseven in the presenceof several key explanatory

variablessuchasleverageratios.
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Table1: 4-StateModelCalibration

States � 1 � 2 � 3 � 1 � 2

0.0133 0.043 0.093 -0.090 0.051
(0.003) (0.004) (0.005) (0.014) (0.020)

Volatilities � Q; 1 � Q; 2 � E ;2

0.017 0.002 0.112
(0.001) (0.000) (0.009)

GeneratorElements � 13 � 21 � 23 � 24 � 32 � 42

0.039 0.111 0.114 0.285 0.110 0.300
(0.003) (0.004) (0.003) (0.007) (0.012) (0.018)

PricingKernel � 0 � � � � � M ;1 � M ;2 � M ;3

-0.206 0.826 0.351 -0.076 -0.536 0.137
(0.001) (0.023) (0.046) (.040) (0.100) (0.021)

GMM ErrorValue(� 2(6)): 9.23 P-Value:0.161

ImpliedQuarterlyTransitionProbabilityMatrix
(LI-HG) (MI-LG) (MI-HG) (HI-LG)

(LI-HG) 0.995 0.000 0.005 0.000
(MI-LG) 0.026 0.883 0.027 0.064
(MI-HG) 0.000 0.023 0.977 0.000
(HI-LG) 0.000 0.072 0.000 0.928

ImpliedAnnualTransitionProbabilityMatrix
(LI-HG) (MI-LG) (MI-HG) (HI-LG)

(LI-HG) 0.981 0.000 0.019 0.000
(MI-LG) 0.087 0.632, 0.089 0.192
(MI-HG) 0.003 0.074 0.914 0.007
(HI-LG) 0.009 0.215 0.010 0.765

ImpliedStationaryProbabilities,V/E Ratio,3-MonthTreasuryYield
5-YearTreasuryYield, Slopeof Term-Structure,andCreditSpreads

State � � Ci i :25 i 5 i 5 � i :25 s(Z t = 2:5)
(LI-HG) 0.493 25.449 0.031 0.034 0.030 0.003
(MI-LG) 0.101 11.827 0.046 0.070 0.024 0.020
(MI-HG) 0.337 13.333 0.090 0.085 -0.005 0.015
(HI-LG) 0.067 8.964 0.141 0.105 -0.036 0.025
The top panel reportsSMM estimatesof the following modelfor CPI, Qt , real earnings,E t ; and
therealpricingkernel,M t :

dQt

Qt
= � t dt + � Q dWt ;

dEt

E t
= � t dt + � E dWt ;

dM t

M t
= � kt dt + � M dWt ;

where,� Q = (� Q; 1; � Q; 2; 0), � E = (0; � E ;2; 0) ; � M = (� M ;1; � M ;2; � M ;3) ; kt = � 0 + � � � t +
� � � t ; (� t ; � t ) ; follows a four-stateregime switchingmodel with the generatormatrix � whose
non-zerodiagonalelementsareshown as� i;j : Thepricingkernelis observedby investorsbut notby
theeconometrician.Assetsarepricedusingtheformulasin Proposition1. Estimatesobtainedfrom
dataonthefundamentalsaswell six �nancial variablesusingtheEM-SMM methodologydescribed
in Appendix2. Standarderrorsin parenthesis.Themiddle panelsreportthequarterlyandannual
implied transitionprobability matrix betweenthe four states. Rows may not sum to onedue to
rounding.Thebottom panel reportsimpliedassetpricesfor thecalibrated.TheV/E ratioandbond
yieldsarecomputedasshown in Proposition1. Spreadsfor defaultablebondsof maturity10 years
arecomputedusing(22),usingtheconditionalsolvency ratio in statei asZ i = (Ci )=(C � � � ) k (see
Footnote10 for anexplanation). 42



Table2: CorporateBondExcess-ReturnRegressions

No. Constant � p(� t � 1) F F1t � 1 F F2t � 1 F F3t � 1 R2

Baa- AaaReturns(t):
1 0.0450 0.051 -0.016 0.023 0.117

(0.386) (2.022)�� (-0.514) (1.351)
2 0.014 1.762 0.068

(0.110) (2.526)�

3 0.0450 0.657 0.051 -0.016 0.023 0.171
(0.226) (2.212)� (1.991)� (-0.421) (1.253)

A - AaaReturns(t):
4 -0.015 0.024 -0.006 0.007 0.112

(0.111) (-0.228) (1.735) (-0.464)
5 -0.034 1.291 0.057

(-0.512) (2.797)�

6 -0.032 1.106 0.009 -0.004 0.004 0.164
(0.432) (2.106)� (-0.143) (1.841) (-0.239)

Aa - AaaReturns(t):
7 0.004 (0.004) (0.001) (0.006) 0.011

(0.123) (0.628) (0.235) (0.841)
8 -0.007 0.396 0.014

(-0.169) (1.915)
9 0.004 0.356 (0.003) (0.001) (0.003) 0.019

(0.071) (1.819) (0.541) (0.131) (0.411)
The tableregressionreportsresultsfor returns(in b.p) of intermediate-termcor-
poratebondindexeslessthe returnson the Aaa index on expectedreturnsfrom
theuncertaintymodelintroducedin thispaperandFama-Frenchrisk factors.Cor-
poratebondreturnsfor indexes(in percentagepoints)for eachratingcategoryare
obtainedfrom theLehmanBrotherFixed-IncomeDatabase.Expectedexcessre-
turn is measuredas� � P (Z t ; � t ; t; T ) � 0

N ; where� P (�; �) is asin Corollary2, and
the solvency ratio Z t = (C � � t ) E t Qt =DQ

t ; startingwith Z0 = k; andnomi-
nal debt,D Q

t grows asin Assumption6. The long run solvency ratio k is 2.5,3,
and4.7 for the indexesratedBaa,A, andAa. The calibratedbelief seriesf � t g
areshown in Figure2. The variablesF F1(t), F F2(t), andF F3(t) denotethe
factorsmarket-excessreturnsover T-bills, the small minusbig �rm factor, and
thehigh minuslow book-to-market factorrespectively. T-statistics(in parenthe-
sis)areadjustedfor heteroskedasticityandautocorrelationusingtheNewey-West
procedure.Thesymbols� denotesstatisticalsigni�canceat 5%level.

43



Table3: Risk-ReturnRelationshipfor CorporateBondExcessReturns:DataandModel

Estimatesof ExponentialGARCH Model for QuarterlyBaaMinusAaaReturns

—————————-ConditionalVariance————————— —–ConditionalMean—- —–Diagnostic—- Output
! � 1 
 1 
 2 
 3 
 4  � � L-B Sk. Kr. �

1973-1979 0.808 -0.967 -0.006 -0.016 0.074 0.271 -2.962 0.956 -0.068 15.944 1.759 0.720 -0.343
(0.173) (0.003) (0.001) (0.027) (0.030) (0.035) (0.626) (0.101) (0.117) [0.317] [0.384] [0.396] (0.032)

1980-1989 3.348 0.039 -0.748 -0.331 -0.151 -0.390 -0.546 2.134 -1.257 25.691 -0.285 -0.360 -0.062
(0.086) (0.020) (0.027) (0.024) (0.030) (0.017) (0.006) (0.034) (0.046) [0.593] [0.593] [0.549] (0.028)

1990-1998:3 1.542 0.444 -1.087 0.156 0.166 -0.161 -0.184 2.923 -0.144 16.822 -0.370 0.208 0.129
(0.090) (0.027) (0.073) (0.029) (0.046) (0.025) (0.025) (0.021) (0.025) [0.544] [0.543] [0.648] (0.031)

1973:1-1998:3 1.832 -0.039 -0.300 -0.033 0.238 0.176 -0.179 1.345 -0.470 26.153 -3.191 3.279 -0.077
(0.101) (0.007) (0.122) (0.026) (0.055) (0.026) (0.087) (0.061) (0.036) [0.074] [0.079] [0.084] (0.029)

Model-GeneratedRisk-ReturnRegression

� � R2

1973-1979 0.165 -4.984 0.168
(0.015) (2.171)

1980-1989 0.261 -3.502 0.049
(0.021) (2.054)

1990-1998:3 0.007 4.725 0.672
(0.019) (0.571)

1973-1998:3 0.162 2.890 0.019
(0.014) (2.039)

Thetop panel reportsparameterestimatesof thefollowing ExponentialGARCHModel for quarterlyexcessreturnsof Baa-ratedbondsoverthree-monthTreasury
Bills:

loght = ! + � 1 loght � 1 +
4X

p=1


 p (jvt � p j � E jvt � p j +  vt � p);

r t = � + � in� t � 1 + � t ;

wherein� t is quarterlyin�ation at t: Onequarterlaggedin�ation, Qt � 1; is usedto forecastexpectedreturnsfor time t: Standarderrors(for all estimates)and
p-values(for diagnosticstatistics)are in roundandsquareparentheses,respectively. The acronyms L-B, Sk., andKr. arethe Ljung-Box teststatistic,andthe
sampleskewnessandkurtosisfor the residualsfrom the �tted returns.Theoutputparameter� is thesamplecorrelationbetweenexpectedreturnsandvolatility
generatedfrom thismodel.Thebottom panel reportstheestimatesfrom a singlelinearregressionof modelexpectedexcessreturnsonmodelvolatility of returns.
Expectedreturnsandvolatility arecalculatedasshown in Corollary2 andat periodt arecalculatedusingthe�ltered belief at t � t shown in Figure2. T-statistics
arereportedin roundparenthesis,andareadjustedfor autocorrelationandheteroskedasticityusingtheNewey andWest(1987)procedure.
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Figure1: StylizedFactsMotivated
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Thetop panelshowstimeseriesof Moody'sBaa- Aaayield spreadandthe3-monthTreasuryBill rate.Thelatterhasbeen

rescaled.Thebottom panelshowstimeseriesof thesolvency ratio,Z t for a�rm with anaveragesolvency ratioof 2:5: The

solvency ratio de�ned asthevalueof a “representative” Baa�rm' s assetsdividedby thefacevalueof its debtoutstanding,

Z t = (PE
t + D t Pt )=Dt : The value of equity is approximatedas P E

t ; the value of the S&P 500, the price of debt is

Pt = e� y B aa
t 10; whereyB aa

t is Moody'sBaaaveragebondyield, andD t is anapproximationof theliabilities of Baa-rated

�rms. Thegrowth of D t eachquarteris theaveragegrowth rateof liabilities of all non-�nancial �rms in Compustatfrom

1975:Q2– 2001(prior datais not reliable). Thedebtlevel at the �rst dateis adjustedto matchthesolvency ratio implied

from our analysis.A seriesin which debtgrowth andbondpricesarefrom our calibratedmodel,but with market equity

valuationsfor thesamplefrom 1960-2001is alsoshown, which is backedout from equityandTreasurymarket valuations

usingageneralizationof Moody'sKMV methodology. ShadedareasdenoteNBERdatedrecessions.

45



Figure2: ConditionalProbabilitiesof FourStates(1957-2001)
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We display the time seriesof �ltered probabilitiesof investorsof the four possibleunderlyingstatesobtainedusing the

SMM methodologyin Appendix2. Thestatesarenumberedas(� 1; � 2); (� 2; � 1),(� 2; � 2); and(� 3; � 1); wheretheparamter

estimatesarein Table1.
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Figure3: FundamentalandFinancialVariables:EmpiricalandModelFitted(1957-2001)
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Wedisplaythetimeseriesof �nancial andfundamentalvariablesseriesusedin theSMM estimationof themodel,andtheir

�tted values.Thecalibratedvalueof theparametersareshown in Table1. The �ltered beliefsseriesof investorsusedto

generatethe �tted valuesareshown in Figure2. As a measureof the �t of our model to the datawe provide the R2 of

the following regressionsy(t) = � + � x(t) + � (t); wherey is the variableunderconsiderationandx is its expected

valuebasedon model: In�ation — 68.9%,Earnings— 17.5%,V/E Ratio— 49.8%,3-MonthTreasury— 50.4%,1-Year

Treasury51.0%,3-YearTreasury47.6%,5-YearTreasury— 45.4%,10-YearTreasury43.6%.
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Figure4: ConditionalRisk-NeutralProbabilityof Default in theFourStates(1957-2001)
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This �gure showstheprobabilitiesof defaultat the10-yearhorizonfor differentvaluesof the�rm' slong-runsolvency ratio,

k; andconditionalon the investorknowing with certaintyeachof the four statesof fundamentals:State1, low in�ation -

high growth, State2, mediumin�ation - low growth, State3, mediumin�ation - high growth, andState4, high in�ation -

low growth. Thedefaultprobabilitiesarecomputedasin � 2(Z t ; � t ; t; T ) in Proposition5, wherethesolvency ratio in state

i is Z i = (Ci )=(C � � � ) k (seeFootnote10 for anexplanation).

Figure5: TheConvexity Effectof Solvency RatiosandtheCreditSpreadsPuzzle
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The left panel shows credit spreadsfor bondswith 10 yearsto maturity assumingan assetvolatility parameterof 21.9

percentandbankruptcy costsof zeroin theBlack-Scholes-Mertonmodelasshown in Footnote11. Theright panel shows

the convexity premiumde�ned asthe ratio of the averagespreadin the four statesto the spreadat the averagesolvency

ratio of 2.5. Theaveragespreadis calculatedusingthesolvency ratiosin the four statesde�ned asZ i = Ci =(C � � � ) 2:5

(seeFootnote10) wheretheV/E ratios,C; andstationaryprobabilities,� � arein in thebottompanelof Table1. Usingthe

formulaweobtainsolvency ratiosof 3.34,1.60,1.80,and1.24in thefour statesrespectively.
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Figure6: Moody'sBaa- Aaayield spreadandits ModelBasedValue(1959-2001)
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Theplot shows time seriesof Moody's Baa- Aaayield spreadandits modelbasedcounterpart.Model spreadsarecalcu-

latedusingthe “through-the-business'cycle approach:The spreadat time t is generatedusingthecalibrated� t seriesas

s(Z t ; � t ; t; T ) in eq. (22), wherethecalibratedsolvency ratio series,f Z t g andbelief series,f � t g areshown in Figures1

and2 respectively. Themodelseriesexplains65percentof thevariationin thedataseriesfor thefull sample.It explains54

and72percentof thevariationin the�rst andsecondhalvesof thesamplerespectively.

Figure7: ImpulseResponseFunctionsandVarianceDecompositionsof CreditSpreadsto ShortRate
andIn�ation Shocks
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(G) I.R.F.: Model Spread to Model 3-M Rate
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(H) V.D.:Model Spread to Model 3-M Rate
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(E) I.R.F.:Moody's Baa-Aaa Rate to Infl. 
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(F) V.D.:Moody's Baa-Aaa Rate to Infl.
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(C) I.R.F.: Baa - T10y to T3M
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(D) V.D.:Moody's Baa - T10y to T3M
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(B) V.D.:Moody's Baa-Aaa Rate To T3M

Impulseresponsesandvariancedecompositionsareobtainedby estimatingbi-variate�rst-order VARs of eithertheshort

rate or in�ation and the relevant credit spread(in that order). T3M andT10Y standfor 3-monthand10-yearconstant

maturity Treasuryrates,and in�. standsfor CPI in�ation. The impulseresponsesare to orthogonalizedone-standard

deviation innovationsin the�rst variable.Two-standarddeviationboundsarealsodisplayedfor theimpulseresponses.
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Appendix 1:

Proof of Proposition 2. Let i Q = (1; 0; 0); i E = (0; 1; 0); andi M = (0; 0; 1): Theseareuseful
sincewecanwrite � Q = iQ � ; for example.Noticethatthefollowing covarianceshold:

dE dQ0 = E Q � Q � 0
E ;

d� i d� 0
j = � i � j (� i � � )0�

�� 0� � 1 (� j � � )dt;

dEd� 0
i = E�E �� � 1(� j � � )� i dt = (� i � � )� i E;

dQd� 0
i = Q�Q �� � 1(� j � � )� i dt = (� i � � )� i Q:

(a)RecallthattherealassetvalueVt = (
P N

i=1 Ci � i ) E t . Hence,from Ito's lemma:

dV =
NX

i =1

Ci � i dE + E
NX

i =1

Ci d� i +
NX

i =1

Ci dEd� 0
i

= V

 

� dt + � E dfW +
P N

i=1 Ci [� �] i
P N

i=1 Ci � i
dt +

P N
i=1 Ci � i (� i � � )0(� 0)� 1 dfW

P N
i=1 Ci � i

+
P N

i=1 Ci � i (� i � � )
P N

i=1 Ci � i
dt

!

= V

 

� +
� � C

P N
i=1 Ci � i

+
P N

i=1 Ci � i (� i � � )
P N

i=1 Ci � i

!

dt + V

 

� x +
P N

i=1 Ci � i (� i � � )0(� 0)� 1

P N
i=1 Ci � i

!

dfW : (33)

Using(13)we canwrite, � � C = � 1 + � diag(k � � ) C � � C� E � M : Therefore,thedrift equals

� V � � (� t ) = � +
P N

i=1 Ci � i (ki � � i )
P N

i=1 Ci � i
� � M � 0

E +
P N

i=1 Ci � i (� i � � )
P N

i=1 Ci � i
(34)

=
P N

i=1 Ci � i ki
P N

i=1 Ci � i
� � M � 0

E �
1

C:� t
;

Turningnow to thenominalvalueprocess,recallthatthenominalassetvalueV Q
t = (

P N
i=1 Ci � i ) Qt E t .

Hence,from Ito's lemmaandthecharacterizationof thefundamentalprocessesundertheobserved
�ltration (10),dVQ =

=
NX

i =1

Ci � i QdE +
NX

i =1

Ci � i EdQ + EQ
NX

i =1

Ci d� i +
NX

i =1

Ci � i dEdQ0+ E
NX

i =1

Ci d� i dQ0+ Q
NX

i =1

Ci d� i dE0

= V Q [� dt + � E dfW + � dt + � Q dfW +
P N

i=1 Ci [� �] i
P N

i=1 Ci � i
dt]

+ [
P N

i=1 Ci � i (� i � � )0(� 0)� 1 dfW
P N

i=1 Ci � i
+ � E � 0

Q +
P N

i=1 Ci � i (� i � � )
P N

i=1 Ci � i
dt +

P N
i=1 Ci � i (� i � � )

P N
i=1 Ci � i

dt]

= V Q

 

� + � + � E � 0
Q +

� � C
P N

i=1 Ci � i
+

P N
i=1 Ci � i (� i � � )

P N
i=1 Ci � i

+
P N

i=1 Ci � i (� i � � )
P N

i=1 Ci � i

!

dt

+ V Q

 

� E + � Q +
P N

i=1 Ci � i (� i � � )0(� 0)� 1

P N
i=1 Ci � i

!

dfW :
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Now usingthede�nition of � V (� t ) from (a),andthefactthat(� 0)� 1 � 0
Q = (� 0)� 1 � 0i0

Q = i0
Q ; the

drift equals

� Q
V (� t ) � � (� t ) = �� (� t ) + � V (� t ) � � (� t ) + � E � 0

Q +
P N

i=1 Ci � i (� i � �� (� t ))
P N

i=1 Ci � i
; (35)

andclearly� Q
V (� t ) = � V (� t ) + � Q ; whichcompletestheproof. �

(b)By eq. (34)we have

� V (� t ) + � (� t ) � k(� t ) =
P N

i=1 Ci � i (ki � �k(� t )P n
i=1 Ci � i

� � M � 0
E :

From(33)we have

� � V (� t ) � 0
M = � � E � 0

M �
P N

i=1 Ci � it (� i � � (� t ))0(� 0)� 1

P N
i=1 Ci � it

� 0i0
M = � � E � 0

M +
P N

i=1 Ci � it (ki � k(� t ))
P N

i=1 Ci � it
;

which proves that the relationshipfor the real risk premiumholds. Using it and (35) we have
� Q

V (� t ) + � (� t ) � r (� t )

= � V (� t ) + � (� t ) � �k(� t ) + �k(� t ) � �r (� t ) + �� t (� t ) + � E � 0
Q +

P N
i =1 Ci � i (� i � �� (� t ))

P N
i =1 Ci � i

= � � V � 0
M � � N � 0

Q + � V � 0
Q = � (� Q + � V )( � M � � Q)0 = � � Q

V � 0
N ;

which establishestherelationshipfor thenominalrisk premium. Note that in thesecondequality

weused�r (� t ) = �k(� t ) + �� (� t ) + � N � 0
Q ; and� V � 0

Q = � E � 0
Q +

P N
i =1 Ci � i (� i � �� (� t ))

P N
i =1 Ci � i

: �

Proof of Proposition 3. Following thenotationin Veronesi(2000),we de�ne thevalueweighted
probabilities� �

i = (� i Ci )=(
P N

j =1 � j Cj ): Noticethat0 � � �
i � 1 and

P N
j =1 � �

j = 1: Further, let
�� � =

P N
j =1 � j � �

j ; andsimilarly de�ne �� � : Then,theassetvolatilities in (33)canbewrittenas

� Q
V;1 = � Q;1 +

�� � � ��
� Q;1

�
( �� � � �� ) � Q;2

� Q;1 � E ;2

� Q
V;2 = (� Q;2 + � E ;2) +

�� � � ��
� E ;2

� Q
V;3 = �

( �� � � �� ) � M ;1 � E ;2 + (�k� � �k) � Q;1 � E ;2 + ( �� � � �� ) (� M ;2 � Q;1 � � M ;1 � Q;2)
� M ;3 � Q;1 � E ;2

Now giventhestatedconditionson thedrifts andthevectorC; �� � � �� ; and �� � � �� ; andif all the
volatilitiesarepositive (notethat� x;1 = 0), then� V;1 � � q;1; and� V;2 � 0; andby � q

V = � V + � q

wegetthesignson therealvolatilitiesasclaimed.
�

Proof of Proposition4.
The market price of risk for any statevariableis given by the negative of its covariancewith

the real pricing kernelof the economy. Therefore,usingeqs. (7) and(11) we obtain � i (� t ) =
� Cov(d� it ; dN t

N t
) = � it (� it � �� t ) � (� 0)� 1 � � 0

N : Using the fact that � N = (i M � iQ) � ; where
iM = (0; 0; 1)0; iQ = (1; 0; 0)0; andr i = ki + � i + � N � 0

Q ; providesthestatementin theproposition.
�
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Proof of Corollary 1.
(i) Weappealto Theorems1 and2 in Bergman,Grundy, andWeiner(1996).Thesolvency ratio

dZ t = (� q
V (� t ) � r (� t ))dt + � q

V d ~Wt andbeliefsin (6) have thesamestructureaseqs. (2a)and
(2b) in their paper. Notably different though,the beliefsareN -dimensional,while their general
statevariabley wasof singledimension.However, the authorsexplain their resultsarevalid for
thecasewheny is a vector. The crux of theproof is that,subjectto certainregularity conditions
veri�ed below, for givenrealizationsof the innovationsf ~Wsg; andhencef � sg; for s 2 (t; T ]; the
risk-neutralizedsolvency ratio processin (19)satis�esthe`no-crossing'property, thatis startingat
ahigherlevel for Z t wouldyield ahighersolvency ratioat maturity.

Thepayoff atmaturityof thedefaultablebondis anincreasingandconcave functionof Z T : The
bondpricewill bean increasingandconcave functionof Z t if (a) � i (� t ) and� i (� t ); thedrift and
volatility for theconditionalprobabilityof statei for i = 1� � � N do notdependon thelevel of Z t ;
and(b) thecovariancebetweenpercentagechangesin Z t andeachconditionalprobabilityprocess,
� q

V � i (� t )0 doesnot dependon the level of Z t : Thesesuf�ciency conditionsareeasilyveri�ed for
eachupdatingprocessin (6), andthevolatility of Z t in (16).

(ii) To establishthe convexity of the spreadlet g(x; y) = log(f (x; y) � 1=T ); wheref (x; y) is
a positive function of scalarx anda vectory of dimensionN ; with @2 f (x)

dx2 < 0: Then, @2g(x)
dx2 =

1
T f 2

� �
@f
dx

� 2
� f @2 f

dx2

�
> 0: It follows from (i) thatthecreditspreadis convex is Z t : �

Appendix 2: EM-SMM Estimation of the RegimeSwitching Model

In this Appendix,we provide thedetailsof theSMM estimationthatusesinformationin both
fundamentalsand�nancial variablesto estimatetheparametervaluesandtime-seriesof investors
beliefsaboutthehiddenstates.Ourprocedureaccountsfor thefacttheunderlyingprocessfor fun-
damentalsfollows acontinuoustimemodel,but is observedatdiscretepointsof time(quarterly).18

It alsoallows for thefactthattheeconometricianobservesdataonly on fundamentalswhile agents
in additionobserve theirpricingkernelaswell andupdatetheirbeliefsaboutthestateof fundamen-
tal growth.

Sincefundamentalsarestationaryin growth rates,we startby de�ning logsof variables:y2t =
log(Y2t ); mt = log(M t ): Using(10)and(3) wecanwrite

dyt = (%(� t ) �
1
2

(� Q � 0
Q; � E � 0

E )0)dt + � 2 d ~Wt ; (36)

dmt = (� �k(� t ) �
1
2

� M � 0
M )dt + � m d ~Wt : (37)

It is immediatethatinvestorsbeliefs� t completelycapturethestateof thesystem(yt ; mt ) for fore-
castingfuturegrowth rates.Thespeci�cationof thesystemis completedwith thebelief dynamics
in (6).

The econometricianhasdataseriesf yt1 ; yt2 ; � � � ; ytK :g Let 	 be the setof parametersof the
model.Westartby specifyingthelikelihoodfunctionoverdataonfundamentalsobserveddiscretely
usingthe procedurein the SML methodologyof BrandtandSanta-Clara(2002). SeealsoDuf�e
andSingleton(1993).Adaptingtheirnotation,let

L (	) � p(yt1 ; � � � ; ytK ; 	) = p(� t0 ; 	)
KY

k=1

p(ytk +1 � ytk ; tk+1 j� tk ; tk ; 	) ;

18Pioneeringwork in this areais in Ait-Sahalia(2002).
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wherep(ytk +1 � ytk ; tk+1 j� tk ; tk ; 	) is the marginal densityof fundamentalsat time t k+1 con-
ditional on investors'beliefs at time t k : Sincef � tk g, for k = 1; � � � ; K is not observed by the
econometrician,we maximize

E[L (	)] =
Z

� � �
Z

L (	) f (� t1 ; � t2 ; � � � ; � tK )d� t1 ; d� t2 ; � � � ; d� tK ; (38)

wheretheexpectationis overall continuoussamplepathsfor thefundamentals,~y t ; suchthat ~ytk =
ytk ; k = 1; � � � ; K : In generalalongeachpath,thesequenceof beliefsf � tk g will bedifferent.

As a�rst step,weneedto calculatep(ytk +1 � ytk ; tk+1 j� tk ; tk ; 	) : Following BrandtandSanta-
Clara(2002),we simulatepathsof thestatevariablesover smallerdiscreteunitsof time usingthe
Eulerdiscretizationscheme(seealsoKloedenandPlaten1992):

~yt+ h � ~yt = (%(� t ) �
1
2

(� Q � 0
Q; � E � 0

E )0) h + �
p

h~� t ; (39)

mt+ h � mt = (� �k(� t ) �
1
2

� M � 0
M ) h + �

p
h~� t ; (40)

� t+ h � � t = � (� t ) h + � (� t )
p

h~� t (41)

where~� is a 3 � 1 vectorof standardnormalvariables,andh = 1=M is thediscretizationinterval.
TheEulerschemeimpliesthatthedensityof fundamentalgrowth over h is bivariate(since� Q;3 =
� E ;3 = 0) normal.

We approximatep(�j� ) with the densitypM (�j� ); which obtainswhen the statevariablesare
discretizedover M sub-intervals. Sincethedrift andvolatility coef�cients of thestatevariablesin
(6), (36) and(37) arein�nitely differentiable,and�� 0 is positive de�nite, Lemma1 in Brandtand
Santa-Clara(2002)impliesthatpM (�j� ) ! p(�j� ) asM ! 1 :

The Chapman-Kolmogorov equationimplies that the densityover the interval (t k ; tk+1 ) with
M sub-intervalssatis�es
pM (ytk +1 � ytk ; tk+1 j� tk ; tk ; 	) =

Z Z Z
�

�
ytk +1 � y; %(� ) h; �� 0h; 	

�
� pM (y � ytk ; � ; m; tk + (M � 1)hj� tk ; tk ) d� dy dm;

(42)
where� (y; mean; variance); denotesabivariatenormaldensity. Now pM (�j� ) canbeapproximated
by simulatingL pathsof thestatevariablesin theinterval (t k ; tk + (M � 1)h) andcomputingthe
average

p̂M
�
ytk +1 � ytk ; tk+1 j� tk ; tk ; 	

�
=

1
L

LX

l=1

�
�

ytk +1 � y(l ) ; %(� (l ) ) h; �� 0h; 	
�

: (43)

TheStrongLaw of LargeNumbers(SLLN) impliesthatp̂M ! pM asL ! 1 :
Tocomputetheexpectationin (38),wesimulateseveralpathsof thesystem(39)– (41)`through'

the full time seriesof fundamentals.Eachpath is startedwith an initial belief, � t0 = � � ; the
stationarybeliefsimplied by thegeneratormatrix � : In eachtime interval (t k ; tk+1 ) we simulate
(M-1) successive valuesof ~y(s)

t usingthediscreteschemein (39), andset~y(s)
tk

= ytk : The results
in the paperuseM = 90 for quarterlydata,so that shocksareapproximatedat roughly a daily
frequency. Thepricingkernelandbeliefsalongtheentirepathof thesth simulationareobtainedby
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iteratingon(40)and(41). Weapproximatetheexpectedlikelihoodas

L̂ (S)(	) =
1
S

SX

s=1

K � 1Y

k=0

p̂M (y(s)
tk +1

� y(s)
tk

; tk+1 j� (s)
tk

; tk ; 	) ; (44)

wherep̂M (�j� ) is thedensityapproximatedin (43). TheSLLN implies that L̂ (S)(	) ! E [L (	)]
asS ! 1 : We oftenreport �� tk = 1=S

P S
s=1 � (s)

tk
; which is theeconometrician's expectationof

investors'beliefat tk :
To extractinvestors'beliefsfrom pricedataaswell asfundamentalsweextendtheSML method

to asimulatedSMM methodthatin additionusesinformationcontainedin thetimeseriesof price-
earningratiosandasetof Treasurybondyieldsobservedatthesamediscretesetof dates.To extract
modelparametersandinvestors'uncertaintyfrom assetprices,we usethepricing formulasfor the
assetvalueandbondpricesin Proposition1 andproceedasfollows: First, for given parameters
	 of the regime shift model,we usethe time seriesprobabilitiesf �� t1 � � � �� tK g �ltered asshown
above. Fromthese,we cancomputethetime seriesof model-impliedassetvalue-to-earningratios
andbondyieldsusingtheformulasderivedin Proposition1

dV/Etk = C � �� tk
bi tk (� ) = �

1
�

log (B (� ) � �� tk ) :

WenotethattheconstantsCsandthefunctionsB (� ) dependbothon theparametersof thefunda-
mentalprocesses,	 ; and,thekernelparameters,	 . Hence,let thepricingerrorsbedenoted

etk =
�

V̂/Etk � V/Etk ; î tk (� 1) � i tk (� 1) ; � � � ; î tk (� 5) � i tk (� 5)
�

;

where,� 1 = 3 months,� 2 = 1 year, � 3 = 3 years,� 4 = 5 years,and,� 5 = 10 years.Also note
thatsincethepricing formulasarelinearin beliefs,1=S

P S
s=1 C � � (s)

tk
= C � �� tk (andsimilarly for

thebondyields),andno informationis lostby simply evaluatingtheerrorsat theeconometrician's
conditionalmeanof beliefs.

To estimate	 from dataon fundamentalsaswell as�nancial variables,we form theoveriden-
ti�ed SMM objective functionasin (25). Themomentsusedaretheerrorsfrom �nancial variables
andthe scoresof the log likelihood function from fundamentals.Sincethe numberof scoresin
@log(L )

@	 (tk) equalsthenumberof parametersdriving thefundamentalprocessesin 	 , andthenum-
berof pricing errorsis six, thestatisticc in (25) hasa chi-squareddistribution with six degreesof
freedom.Sincewe �nd theprocessesof �nancial errors,f etk g; to beseriallycorrelated,while the
scoresarenot, we diagonallypartitionthematrix 
 into two parts: 
 1, and
 2:19 
 1 is estimated
usingtheNewey-Westcorrection(seeHamilton1994,Eq14.1.19).

We �nally describethestepsof therecursive EM algorithmto estimatethemodel.

1. Let f P (n)
tk

g betheestimatedseriesof bondpricesateachdatefrom theestimationof iteration

n; startingwith P (0)
tk

= 1 for all k: Let 	 (n) be the estimatedparametersat the nth stage,

f �� (n)
tk

g betheseriesof �ltered beliefs.

2. ApproximateV Q(n)
tk

= PE
tk

+ P (n)
tk

� D Q
tk

; at eachdate,whereP E
tk

is themarket valueof the
S&P 500at eachdate.D q

tk
is the facevalueof nominaldebtat eachperiodandis givenby

19As hasbeennotedby severalauthors,priceearningsratiosandTreasuryYieldsfollow highly persistentprocesses
(seealsoFigure3). We �nd thepricingerrorsremaincorrelatedwith laggedvaluesof morethat24quarters.For
example,theautocorrelationof the3-monthTreasuryBill with its 24-quarterlaggedvalueis 0.33.Wetherefore,
usetheparameterJ in theNewey-Westcorrectionof 24.
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its discreteapproximationof Assumption6 by D Q
tk

= exp(
P K

k=1 (r ts � � ts ) � 1=4) D Q
t0

: The

empiricalassetvalue-to-earningsratioatdatet is simplyV Q(n)
tk

=Etk : Let Z (n)
tk

= V Q(n)
tk

=Dq
tk

:

3. The expectationstepof the algorithm is trivial sinceby Corollary 1(i) for a given f � tk g

series,P (n)
tk

is amonotonicfunctionof Z (n)
tk

= V Q(n)
tk

=DQ
tk

: Therefore,theobjective function
to minimizeis simply theSMM objective in (25)givenby c(	) j	 (n) ); wherethedependence
of the objective on the previous parameterestimatesarisesdueto the assumedbondprice
seriesf P (n)

tk
g:

4. UsingtheSMM procedureabove,estimatetheparametersat then + 1st stage	 (n+1) :

5. UsingProposition5, formulatethebondpriceat eachdateas

P (n+1)
tk

= P(Z (n)
tk

; � (n)
tk

; tk ; tk + T; 	 (n+1) ):

6. Repeatsteps1 to 5 until theconvergenceof 	 (n) .

In step4, c(	 (n+1) j	 (n) ) � c(	 (n) j	 (n) ); which implies that the sequencec(	 (n) j	 (n)) is
boundedandmonotonicallydecreasingandhenceconverges.

Selectionof Number of Regimes
We test for the numberof drift statesfor the two fundamentalseriesin a univariateregime-

switchingframework. To do this, we usethe likelihoodratio teststhat adjustfor the presenceof
nuisanceparametersunidenti�ed underthenull hypothesis(for e.g.,underthe1-statenull hypoth-
esis,the transitionprobabilitiesof a 2-statemodelarenot identi�ed). The likelihoodfunction is
estimatedfrom eachseriesusing the SMM procedureabove, without useof �nancial variables.
Computingexactcritical valuesfor thealternative of two statesover thenull of a singlestatevari-
ablewould benumericallyvery intensive. However, we foundthatthelikelihoodsarevery similar
to thecasewherethedataareobserved discretelyandusethecritical valuescomputedby Garica
(1998). For earningsgrowth, the log likelihoodratio (LLR) for the two stateover thesinglestate
speci�cationattainsa value13.85,which hasa P-valueof lessthanonepercent.The LLR for a
3-stateovera2-statespeci�cationis verysmallof theorderof 10� 3; suggestinginsigni�cant gains
in modelinga third statefor theearningsdrift. For in�ation, theLLR for thetwo statespeci�cation
over thesingestatespeci�cationis 16.54,which onceagainhasa p-valueof lessthanonepercent.
The LLR for a threestateover a two stateis 13.21,however, we do not have analogouscritical
valuesavailablein this case.TheLLR for a four stateover a threestatespeci�cationhasa small
LLR of under10� 2:

Appendix 3: Solving the N-StatePDE by Projection Methods

We useprojectionmethodsdescribedin Judd(1999)to solve the partial differentialequation
(PDE)thatsolvesthedensityof assetreturnsundertherisk-neutralmeasure.Thenominalassetre-
turnprocessundertherisk-neutralmeasureis dVt =Vt = r t dt + � q

V (� t ) d ~W � ; where� q
V (� t ) is given

in Proposition2 (b). By usualno-arbitragearguments,it canbeshown thattherisk-neutralassetre-
turndensityfunctionoverprimitivestatesundertherisk-neutralmeasurecanbecharacterizedby the
usualFokker-Planckbackwardequation(c.f., for e.g.,Karlin andTaylor 1982). Thedensityfunc-
tion f (z; � ; t) satis�esthePDEin equation(20). Theinitial conditionis f (zt ; � t ; 0) = � (z � zt ),
where� (�) standsfor theDirac function,andthe lastargumentof f (�; �) denotestime to maturity.
To simplify thenotation,we de�ne thevectorfunction,� (� ) = (� 1(� ); � 2(� ); � � � ; � N (� ))0, and,
analogouslyfor � (� ), � q

V (� ), and� (� ). Wealsoomit time subscripts.
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De�ne thefunctions

A1(� ) = (� (� ) � � (� t )) (C � � )2;

A2(� ) = � V (� ) � V (� )(C � � )2;

A3(� ) = � V � 0(� )(C � � )2; and

A4(� ) = � (� ) � 0(� )(C � � )2:

A1(� ), andA3(� ) areN � 1 vectorfunctionsof � , A2(� ) is a scalarfunction,andA4(� ) is an
N � N matrix. NoticethatA i (� ), i = 1; � � � ; 4 areordinarypolynomialsof �nite lengthin � . Now
furtherde�ne

h1(� ) =
1
2

A4(� )

h2(� ) = A1(� ) � i! 1A3(� );

h3(� ) = [� r (� ) � ! 2] � (C � � )2 +
i ! 1

2
A2(� ) �

! 2
1

2
A2(� )

Now takinga Fouriertransformof thePDE(20) with respectto z andusing! 1 asa frequency
variable,andfollowing it with a LaplaceTransformwith respectto the time to maturity, � , with
frequency variable! 2 impliesthat

� ei! 1zt (C � � )2 = 10( f̂ � � � h1(� ) ) 1 + f̂ � h2(� ) + f̂ h3(� ); (45)

wherethepartialderivativesarewrittenw.r.t. thevector� , for e.g.,f � = f f � 1 ; � � � ; f � N g, � stands
for element-by-elementmultiplication,and1 standsfor theunit vectorof lengthN . For given! 1,
! 2, (45) is a linearPDEof theparabolictypein � with noknown explicit analyticalsolution.h1(� )
andh3(� ) areordinarypolynomialsof order6 in � i , andh2 is of order5. Thefrequency variables
! 1 and! 2 canbethoughtof asparametersof thePDE.AnticipatingafutureLaplaceInversionwith
respectto ! 2 of thesolutionto (45),we �rst solve theslightly simplerPDE

� 1(C � � )2 = 10( f̂ � � � h1(� ) )1 + f̂ � h2(� ) + f̂ h3(� ): (46)

Dueto homogeneity, theInverseLaplaceTransformof thesolutionof (45) with respectto ! 2, will
coincidewith ei! 1zt the InverseLaplaceTransformof thesolutionof (46) with respectto ! 2 (the
logic is simply thatei! 1zt will passout of theintegral for theLaplaceInversionwith respectto ! 2

). Thedif�culty in formulatingananalyticalsolutionto (46) stemsmainly dueto thefact that the
systemcannotbeuncoupledinto N separateODEsin � i , i = 1; � � � ; N .

We proceedby formulatingan`approximate'solutionto (46) usingprojectionmethods(Judd
1999,Chapter11).

STEP 1. Choiceof individual basisfunctions.We choosetheLegendrepolynomialsin eachof the
N dimensions:TheLegendrepolynomialson [� 1; 1] for thebasisin then-th dimension,aregiven
by

qn;m (� n ) =
(� 1)m

2m m!
dm

dxm [(1 � � 2
n )m ];

for m = 1; 2; � � �, whichsatisfytherecursive scheme

qn;m +1 (x) =
2m + 1
m + 1

xqn;m (x) �
m

m + 1
qn;m � 1(x) (47)
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and to restrict themto the domain[0; 1], usepn;m (� n ) = qn;m (2� n � 1)
kqn;m (� n )k , wherek � k denotesthe

L 2 normon thespacep[0; 1]. The family f pn;m (� n )gm=1 ;2;��� g areorthonormalpolynomialsover
[0; 1].

STEP 2. Choosea basisof `complete'polynomialsover thespace[0; 1]N . Thebasisof degreeM
for N dimensionsis givenby

PN
M = f p1;i 1 (� 1); � � � ; pN ;i N (� N )j

NX

n=1

in � M ; 0 � i 1; � � � ; i N g

As explainedin (Judd1999,pp. 239), thesetof completepolynomialsgrows polynomially in N ,
asopposedto the tensorproductbasiswhich would useevery possibleproductof the degree-M
individual basisfunctionsandhencewould grow at the rateof M N . The completepolynomials
asymptotically, asM becomeslarge,provide asgoodanapproximationasthe tensorproduct,but
with far fewer elements.20 Let M c be the lengthof thecompletepolynomialbasis.Finally, write
the completebasisasf  m (� 1; � � � ; � N )gm=1 ;��� ;M c , where m (� 1; � � � ; � N ) = pi 1 pi 2 � � � pi N , for
P N

n=1 in � M ; 0 � i 1; � � � ; i N . Extendthe L 2 norm over the N-dimensionalspaceas the N-
fold integral

R1
0 � � �

R1
0  m (� 1; � � � ; � N )d� 1 � � � d� N , andaccordinglytheinnerproduct< i ;  j > =

R1
0 � � �

R1
0  i (� 1; � � � ; � N ) j (� 1; � � � ; � N )d� 1 � � � d� N . It canbeveri�ed that thebasisof complete

polynomialsin orthonormalon [0; 1]N .

STEP 3 Let D(y) bethedifferentialoperatorassociatedwith thePDE(45), i.e.

D(y) = (C � � )2 + 10( f̂ � � � h1(� ) )1 + f̂ � h2(� )0 + f̂ h3(� ): (48)

Thenany solution to the PDE, ŷ, will be written asD(ŷ) = 0. Write the candidatesolutionas
ŷ(� 1; � � � ; � N ) =

P M c

m=1 am (! 1; ! 2) m (� 1; � � � ; � N ).

STEP 4 Theapproximationis madeby choosingcoef�cient functionsam (! 1; ! 2) to solve themin-
imizationproblem:

min
a1 (! 1 ;! 2)��� aM c (! 1 ;! 2)

Z 1

0
� � �

Z 1

0
D(ŷ)2d� 1 � � � d� N : (49)

Theminimizationis nothingmorethana standardleast-squaresproblem,andyields theM c �rst
orderconditions(seetheGalerkinMethodin Boyd 1989)

< D(ŷ(� 1; � � � ; � N );  m (� 1; � � � ; � N )> = 0;

for m = 1; � � � ; M c. Becauseeach m (� 1; � � � ; � N ) is simply theproductof linearcombinations
of simplepolynomials(seeEq. (47), eachof the f.o.c's leadsto a linear equationin the coef�-
cient functionsam (! 1; ! 2), m = 1; � � � ; M c. Moreover, dueto the linearity, thesef.o.c's canbe
completelycharacterizedanalytically.

David (1997)(Property1) showedthateachupdatingprocessf � i g; i = 1� � � ; N ; has`entrance'
boundariesat0 and1 — neitherboundarycanbereachedfrom theinteriorof thestatespace,but it
is possibleto considerprocessesthatbegin there.In suchcases,it is impossibleto imposearbitrary
valuesfor the candidatefunction at the boundaries.The M b entranceboundaryconditionsare:

20For e.g.,for M = 4, thenumberof termsrequiredfor thecompletepolynomialapproximationis M c = 1+ N +
N (N + 1)=2 + N (N � 1)(N � 2)=6.
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R1
0 � � �

R1
0 D(ŷ) � 2B d� = 0; determinedimplicitly by formulating(48) at eachpossibleboundary,21

B; of thehypersimplex � 1 � 0;
P N

i=1 � 1 � 1:
Overall,for eachvalueof thefrequency variables,! 1; and! 2; wehaveanoveridenti�edsystem

of M c + M b linear equationsin the M c unknowns âm (! 1; ! 2); m = 1; � � � ; M c; andconstant
terms. Denotethe (M c + M b) � 1 vectorof constantsfrom eachequationasc(! 1; ! 2), andthe
(M c + M b) � M c coef�cient matrix asA(! 1; ! 2). Analogousto regressioncoef�cients, thebest-
�tting setof coef�cients satis�es:

â(! 1; ! 2) =
�

A> (! 1; ! 2) � A(! 1; ! 2)
� � 1

� A> (! 1; ! 2) � c(! 1; ! 2):

STEP 5 At this point, thesolutionto thePDEcanbewrittenastheLaplaceTransformof a Fourier
transform.We provide anapproximatebut very fastinversionprocedureof theLaplaceTransform
of thecoef�cient functionâm (! 1; t) de�ned implicitly in

am (! 1; ! 2) =
Z 1

0
e� ! 2 t âm (! 1; t)dt: (50)

Any othervalid methodof inverting will suf�ce. In practice,the inversionis performedon the
Bromwichcontour:If a(! 1; ! 2) is analyticin theregion Re(! 1) > c0, then,

âm (! 1; t) =
1

2� i

Z c+ i1

c� i 1
e! 2 t a(! 1; ! 2)d! 2; (51)

for any c > c0. A fastapproximationof (51) is obtainedusingthe Euler methodof Abateand
Whitt (1995). The methodhasbeenusedsuccessfullyin option pricing problemsby Fu, Madan,
andWang(1997)andLinetsky (1999). Evaluatingthe integral by a trapezoidalrule, Abateand
Whitt show thattheintegral in (51) canbewrittenasthenearlyalternatingseries

âm (! 1; t) =
eA=2

2t
Re

�
am

�
! 1;

A
2t

��
+

eA=2

t

1X

j =1

(� 1)j Re
�
am

�
! 1;

A + 2j � i
2t

��
; (52)

wherec = A=(2t). Theseriesis approximatedby theweightedaverageof partialsums

â �w
1 (! 1; t) = 2� �w

�wX

k=0

C �w
k s�r + k (! 1; t); (53)

where

s�r + k (! 1; t) =
eA=2

2t
Re

�
am

�
! 1;

A
2t

��
+

eA=2

t

�r + kX

j =1

(� 1)j Re
�
am

�
! 1;

A + 2j � i
2t

� �
; (54)

andC �w
k = �w!

�w!( �w� k)! . Thechoiceof parametersA = 2ct, �w and�r is dictatedby thedesiredaccuracy.

A controlsfor thediscretizationerror, which is boundedfrom above by exp(� A )
1� exp(� A ) . For example,

A = 18:4 will leadto anupperboundof theorderof 10� 8. AbateandWhitt suggeststartingwith
�w = 11, and �r = 15, andto adjust�r asneeded.We have found thesevaluesto provide accurate

21For the four-stateproblemsthat we solve in this paper, thereare 16 boundaries:� i = 0; and � i = 1; and
� i = 0; � j = 0; for j 6= i for i = 1; � � � ; 4:
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valueswhencomparingto Monte-Carlosimulations.Linetsky (1999)in his examples�nds �r = 5
to give veryaccuratevaluesfor double-barrieroptions.

Using the coef�cients a(! 1; T � t) in (51), we can write the Fourier transformof the asset
returnssimplyas

f (! 1; � ; T � t; zt ) = ei! 1zt �
M cX

m=1

am (! 1; t) m (� 1; � � � ; � N ): (55)

Finally, to performtheFourierinversionwith respectto thelog assetvalueaswell asthecom-
putationof defaultablebondpriceswede�ne thefollowing functionsasin Scott(1997):

g1(zt ; ! 1; � ; T � t) = f (zt ; 1=i + ! 1; � t ; T � t)=f (zt ; 1=i; � t ; T � t); and, (56)

g2(zt ; ! 1; � t ; T � t) = f (zt ; w1; � t ; T � t)=f (zt ; 0; � t ; T � t): (57)

Then,by theFourierInversionformula(c.f., for example,KendallandStuart1977)theprobability
distribution functionscanbewrittenas

� j (Z t ; � t ; t; T) =
1
2

+
1
�

Z 1

0
Re

�
gj (zt ; ! 1; � t ; T � t)

i! 1

�
d! 1: (58)

�

Lemma 2 The partial delta of defaultablebond prices in Proposition5 with respectto the log
solvencyis givenby

Pz(Z t ; � t ; t; T) =
1
Z

� [B (�; �) � � 2z(�; �) + G(�; �) � (1 � � 1(�; �) � � 1z(�; �))] : (59)

Thepartial deltaof thedefaultablebondpricewith respectto beliefsis givenby

P� (Z t ; � t ; t; T) = B � (�; �) � � 2(�; �) + B (�; �) � � 2� + G� (�; �) � (1 � � 1(�; �)) � G(�; �) � � 1� : (60)

Thepartial derivativeswith respectto log solvencyvalue, � iz (�; �), and,beliefs,� i� (�; �) , i = 1; 2,
areprovidedin theproof.

Proof: We usethe M c term polynomial approximationof the Fourier Transformf (! 1; � ; T �
t; zt ) in (55) andthecharacterizationin Proposition5. Thepartialderivativesof B (�; �) andG(�; �)
arecomputeddirectly from thoseof f (! 1; � ; T � t; zt ) at the two points! 1 = 0 and! 1 = 1=i
respectively. Similarly, the functionsg1 andg2 in (56) and (57) canbe written asserieswhose
partialderivativesareevident. Now by passingpartialderivativesundertheintegral of theFourier
inversion,oneobtainsthedesiredfunctions.For example,

� j � (zt ; K ; � t ; T � t) =
1
�

Z 1

0
Re

�
e� i! 1 log K gj � (! 1; � t ; T � t; zt )

i! 1

�
d! 1:

We cansimilarly �nd � j z(zt ; K ; � t ; T � t). Finally, usingtheproductandchainrulesof differen-
tiation,andthepartialderivativesabove provide thestatedexpressions.�

Proof of Corollary 2. Using the partial derivatives in Lemma2, the volatilities follows from a
straightforward applicationof Ito's Lemma,andtheexpectedreturnsfollow from theequilibrium
conditionthatexcessreturnsequalnegativeof thecovarianceof assetreturnswith thepricingkernel.
�
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