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Abstract

In anunobserableregime-switchingmodel,investors'learningof the stateof futurerealfunda-
mentalsrom currentin ation leadsto dramaticvariationin assewaluationsandis ableto partially
resolhe ve creditrisk puzzles:(i) the high level of creditspreadg$or rms with averagesolvencg
ratiosandvolatility calibratedo their creditrating, (ii) the high volatility of creditspreads(iii) the
positve andslow responsef credit spreadgo shocksin the shortrate (the ‘'momentum’effect),
(iv) theinability of defaultrisk measures$o explainthevariationin corporatebondreturns,and(v)
the changingsign of therisk-returnrelationshipfor corporatebondexcessreturnsacrossthe past

threedecades.
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1 Intr oduction

Intuition developedin pricing optionsled to the developmentof the structuralform approachfor
thepricing of risky corporatedebt. Theapproacthasbeenusefulin understandingheimplications
of the rm' s capitalstructure,andthe valueandvolatility of its assetvalue processon the pricing
of risky corporatedebt! In summarytheapproactassumeshata rm defaultson all its liabilities
whenthe value of its assetsat maturity is belowv a threshold. The approachhasled to a recent
revolutionin measuringandmanagingreditrisk with thefocusshifting from traditionalaccounting
basedneasuresf creditrisk to market-basedneasurethatusetheinformationonassetwaluesand
theirvolatilities.

However, recentempiricaltestingof the structuralform modelfamily hascastdoubtson the
usefulnesof the approach. Elton, Gruber Agrawal, and Mann (2001) found that measureof
expecteddefaultlossesasedn empiricalfrequencie®f defaultimplicit in creditratingsexplaina
smallproportionof creditspreadsExtendinghislogic, HuangandHuang(2003)calibratedvarious
structuralform modelsto matchthe average leverageratiosof bondof differentrating cateories,
andin additionchosdree parameterto matchthehistoricaldefault probabilitiesandrecovery rates
on defaultedbonds,andfoundthatthe model-generatedpreadaccountdor lessthana fth of the
total spreadbver Treasurie®n investment-gradeorporatdoonds.This problemhasbeencalledthe
credit spreadspuzzle In addition,Chen,Collin-Dufrense and Goldstein(2005) point out thatthe
standardstructuralform modelalsohasdif culty in explainingthe high obsered volatility in time
seriesof creditspreads.

In additionto having problemsin tting thelevel andvolatility of spreadsthreestrandsof the
recentliteraturesuggesthat standardstructuralform modelsmay belackingin explainingaspects
of thedynamicsf thecreditrisk premium.First,asseenn thetop panelof Figurel, creditspreads
respondoositively to lagsin shortinterestrates. Indeed,mostperiodsof enhancedpreadsn the
pastforty yearshave beenprecededy boutsof rising shortrates? If in ation wasnota pricedrisk

factor thenanimplication of the structuralform modelis thatarisein the treasuryyield, ceteris

1Sincethe seminalwork of Merton (1974)andBlack andCox (1976),severalimportantcontributionshave been
madewithin the generalizedstructuralform framawork. | do not attemptan exhaustve surwey of the pricing
literature,but notably thefollowing papershave generalizedhe pricing problemin interestingdirections:Bren-
nanand Schwartz (1984),Leland(1994),Longstaf and Schwartz (1995),Lelandand Toft (1996),and Collin-
Dufrenseand Goldstein(2001). Thereis alsoan extensie developingliteratureon the reducediorm approach
which hasofferedmore e xibility for empiricalwork on creditrisk startingwith Duf e and Singleton(1999),
andmorerecentlysomehybrid modelsthathave featuresof bothapproacheésee e.g.Mamaysk 2002)

2A notableexceptionis theincreasen spreadsn 1998following the Russiargovernmentdefault andthe LTCM
crisis. While variouscontagionchannelshave beensuggestedor the increasedn credit spreadgrom Russiato
spill overto the U.S. market, the default in Russiaitself wasprecededy aresugencein in ation in 1997and
early1998.



paribus will increasehedrift of theassewalueprocesof the rm undertherisk-neutralmeasure,
hencelowering the likelihood of default, andlowering the yield on the rm' s risky bonds(this is
calledthedirecteffec) (seee.g.,Longstaf andSchwartz1995). In addition,aswe will see credit
spreadexhibit a ‘'momentum'effect: theimpulseresponsef creditspread$o shocksto the short
rateis positive andstatisticallysigni cant for up to ten quarters.If arisein the shortratewasto
signalachangen creditrisk, andmarketswereef cient, thenwe would expectto seeanimmediate
changan thecreditspreadollowing arateshock.Therefore gvenif interestrateswereincludedas
anadditionalstatevariablein a generalizedtructuralform model,it would be strainedto explain
theobseredslow adjustment.

Second,doubtshave arisenwhetherthe model can explain the time variationsin systematic
risk in ratingsbasedndexesof corporatebondreturns.Elton, Gruber Agrawal, andMann (2001)
reportthat returnson corporatebondsseemto be unrelatedto several measure®f default risk.
Instead they foundthat standardneasure®f systematiaisk, for examplethe threeFama-French
(FF) factors,provide signi cant explanatorypower for corporatebondreturns. This nding puts
into seriousdoubtour understandin@f creditrisk andits relationshipto marketrisk.

Third, in astylizedfactthatis uncoveredin this papeytherisk-revardrelationshigior corporate
bondexcesseturnsis unstableovertime. Usinga standardsARCH framework, we documenthat
the relationshipmoved from beingsigni cantly negative in the 1970s,lessnegative in the 1980s,
to positive in the 1990s.Researchersave beenunableto agreeon the sign of the relationshipfor
stocks(for asuney seeScruggsl998). The simplestructuraform modelasformulatedin Merton
(21974),implies that the relationshipshouldbe positve for defaultablebonds:increasedsolatility
of the rm’ s assetshouldmalke the pricesof its bondsmorevolatile, andwith a positve market
price of risk, shouldleadto higherexpectedreturnson thesebonds.Thereforenot only is the sign
a puzzle,but explaining why it shouldchangeacrossdecadess clearly beyond the scopeof the
simpleone-fctorcanonicaktructuralform model.

To addresghesepuzzlingphenomenawe constructa generalizatiorof Merton's basicstruc-
turalform model,with threedistinctve features.The rst key aspecof our modelis its unobsered
regime-switchingstructurefor fundamentals.Drifts of in ation andearningsgrowth jump errat-
ically, andinvestorslearnaboutthesedrifts over time. Secondthe assetvalue processwhich is

normallyexogenouslyspeci ed,is endogenouslgeterminedn aclassicassepricing framavork.3

30ur modelis relatedto but distinctfrom the seminalwork on incompleteinformationandcreditrisk of Duf e
andLando(2001)in which the assetvalue processs obsenedimperfectlyby agentsdueto accountingnoise.
In our modelthe assetvalue processs formulatedby investorsconditionalon their imperfectinformation of
fundamentals.



Assetvaluationratios(which areconstantn mostexisting creditrisk models) assewolatilities,and
creditrisk in the economyvary over time asinvestorsupdatetheir beliefsaboutthe hiddenstates
andassesshe prospecibf future real grownth of fundamentalsThird, we modelthe joint shifting
distribution of in ation andrealfundamentalsind nd thatstatesf strongrealfundamentagronth
aremorepersistentvhenin ation is low sothatin ation predictsrealgrowth rates.Thisis the sig-
nalingrole of in ation (alsocalledthe“proxy hypothesis’by Famal981).In macroeconomicshis
facthasrobustempiricalsupportalongwith evidencethatcreditquality of rms wealensin periods
afterincrease shortnominalrates(for asuney of thisliteratureseeBernanle andGertler1995).
Usingthe optionslogic, we areableto pricethedefaultablebondin this modelby a combinatiorof
FourierTransformandprojectionmethods.Theformulacanbedifferentiatedo construcimeasures
of volatility andexpectedreturns.

An attractve featureof our modelis the availability of closed-fromsolutionsfor the term-
structureof interestratesandassewalues? This enablesisto calibrateour modelparametersind
investors'beliefsto obsered dataon bothfundamentand nancial variablesthelatterconsistent
with arich informationsetfor agents.

If anempiricalassetwvalueserieswasavailable,we could adaptstandardeconometrianethods
suchasGMM or SMM to t the parametersf the regime switchingmodel. However, we facethe
addedcomplity confrontingall implementationsf structuraform modelsof nothaving available
suchanobserableprocessWe resol\e the problemby treatingthe assewalueprocessas“missing
data; andadaptingthe well known recursve ExpectationdMinimization (EM) algorithmto the
framawork. It is a generalizatiorof the methodusedby Moody's KMV to iteratively backout a
seriesof assetvaluesand volatilities from observingequity datawhich usesthe Black-Scholes-
Merton (BSM) formula, andsois only consistentvith constantvolatility andinterestrates. The
equvalenceof theKMV methodologywvith theEM algorithmandamaximumlik elihoodprocedure
to t theBSM modelhasbeenshavn by Duan,Gauthiey andSimonato(2004).

We now explain how our modelis ableto addresghe credit spreadpuzzle. For constructing
model-basedpread®f a givenratingcateory, we take theapproachhattheratingagenciesadopt
the “through-the-bisgnesscycle” approacho assigningrms to a given rating category. Thatis,

eachrm isratednotbasednits currentconditionsbut ratheron its averageprobability of default

4In recentyears several authorshave written regime-switchingmodelsof thetermstructure(see e.g.,Bansaland
Zhou2002,Ang andBekaert2002,Dai, SingletonandYang2003).Ourwork is differentin two respects(i) we
do not modelregimesof interestrates,but insteadfundamentategimes(bothrealandin ationary), and(ii) the
regimesareunobsered, so thatvolatility of interestratesis endogenouslyleterminedn contrastto the above
papers.David andVeronesi(2004) pursuea similar directionin discretetime, while Ang and Piazzesi(2003)
constructaterm-structuranodelwith fundamentalén anaf ne setting.



throughgoodandbadyearsof the businessycle. A brief descriptionof this methodof ratingis in

Cargy andTreay (1998)(seethebox on pp. 899) wherethey write:

Underthis philosophythe migrationof borrovers' ratingup anddown the scaleasthe
overalleconomiccycle progressewill be muted:Ratingswill changemainly for those
rms that experiencegood or bad shocksthat affect long-termconditionor nancial

stratgy andfor thosewhoseoriginal dovnsidescenariovastoo optimistic.

In keepingwith this tradition,the solveng ratio for our “representatie rm” will uctuate through
thebusinessycle,howeverwewill assigrit to agivenratingcateyory basednits averagesolveng
ratio. For exampleHuangandHuang(2003) point out that the averagesolveng ratio for Baa-
rated rms is 2.5. The bottompanelof Figure 1 shawvs time seriesof our model-basedolvency
ratio andits empirical counterpartconstructedrom aggrgatedseriesof liabilities of rms and
aggre@atepricesfor equityanddebt.Indeedtheratiohasshavn considerableariationin thesample
falling aslow as1.25andrising atits peakto almost5. Theratio uctuatessomuchbecauseasset
valuationsaffecting the numeratorare far more variablethan debtin the denominatoP Using a
resultin Bergman,Grundy andWeiner(1996),we shav thatcreditspreadsreconvex functionsof
rms' solveng ratios,andhenceaveragespreadarelargerthanthespreacdevaluatedattheaverage
solveng ratio. By taking into accountthis corvexity effectfrom time-varying solveng ratioswe
are ableto justify credit spreadghat are 60 percenthigherthan reportedby Huangand Huang
(2003),who reportthe spreadat the averagesolveng ratio for alternatve models. Additionally;
in our modelassetolatility is inverselyrelatedto assetvaluationsandmakesthe impactof credit
risk corvexity evenlarger, providing another50 percentincreaseover their benchmark.Thetime
variationsin creditrisk of rms within theratingcateyory is alsoableto rationalizethevolatility of
their creditspreads.

The dynamicpuzzlesareresohed by the time-variationin investors'speedof learningabout
regime shifts. Investorsin the modelrationally learnaboutpossibleregime shifts after observing
shocks.Dueto the noisein fundamentalsyponobservingshocksagentgationally do not change
their beliefs of underlyingbeliefsimmediately but wait for sufcient conclusve evidencefrom
fundamentalsThereforetheresponsef creditspreadsippearso aneconometriciamo besluggish.

Thelearningbehaior alsoleadsto persistencef volatilities of all assetsncludingdefaultable
bonds(this effect was modeledfor stockindexeswith only real shocksin David 1997). In ation

providesanearlywarningof deterioratingundamentalanddueto theinertiain learning,increases

SThe growth rate of aggreyatedliabilities hasan annualvolatility of only about4 percent. The volatility of the
implied assewalueprocesdrom equity datais signi cantly higheratabout22 percent.



expectedfuture uncertaintyandvolatility. With constantmarket pricesof risk, the modelimplies
thatexpectedreturnsaretime-varying, andleadto predictabilityof returns.By addingthe model-
basedexpectedreturninto a regressiorof corporatebondindexesreturnson the FF factors we are
ableto doublethe explainedvariation. Sincevolatility is a key inputto the structuralform model,
our variableis clearly credit-riskrelatedandreduceghe puzzlenotedby Elton, Gruber Agrawal,
andMann(2001).

Finally, our threeshockmodelis ableto shedlight onthe changingsignof therisk-returnrela-
tionship. To startwith, we nd thatthe extractedmarket price of risk associatedavith thein ation
shockcontritutesto a negative risk premium,andthe earningsshockto a positive risk premium.
Thethird shockto thepricing kernelhasa smallassociatedisk premiumin thecalibratedeconomy
While our modelis not consumptiorbasedwe nd thatpositive shocksto in ation signalfuture
weakreal gronvth of fundamentalg&indarenegatively relatedto asseteturns. Thereforeinvestors
arewilling to accepta negatie risk premiumon a hypotheticalecuritythatis perfectlycorrelated
with in ation. In this sensethe sign of the price of in ation risk is consistentwith the Merton
(1973)ICAPM.® Dueto thedifferentsignsof therisk premium,the signof therisk-revardrelation
will changedependingon the relatve importanceof in ation ratherthanreal shocks.Indeed,our
calibratedmodelreplicateghe changingsignacrosshethreedecadesoted.

Theplanfor theremaindeof this paperis asfollows: In Section2 we presenthebasicstructure
of the modelandprovide closed-formsolutionsfor assetvaluesandthe termstructure.ln Section
3, we formulatethe structuralform modelfor creditrisk in our setup.In Section4, we provide a
calibrationof investorsbeliefsof the underlyingstateshatusesinformationin bothfundamentals
and nancial variablesandstudythe creditspreaddevels andvolatility puzzles.In Section5, we
examinethe dynamicpuzzles. Section6 concludes.Threeseparatdechnicalappendirs, which
will be madeavailableto readersgcontainall proofs,the SMM methodologyto estimatethe asset
valueprocessandthe parametersf the model,anda detaileddescriptionof the projectionmethod

usedto solve the PDEfor corporatebondspricesrespecirely.

5Another popularstatevariablewith a negative price of risk is volatility (see,e.g.,Coval and Shumway 2001).
The signsof theserisk premiahave alsobeennotedby several authors. Stulz (1986) providesan equilibrium
modelwith money in which expectedreturnsof assetglecreaseavith anincreasdn expectedn ation, although
he reportedthat the effect of in ation on the costof holding money for transactiongs unlikely to explain the
large (negative) estimatedn ation risk premiums.



2 Structur e of the Model

We considerone of the simplestdefaultablecorporatebond structural-formmodels. We assume
thatthe rm continuouslyissuesa singleclassof discountdebtwith maturity T, thereis no chance
of default prior to maturity of thedebt,thereareno bankrupty costs,and nally, therearenotaxes.
Theseassumptionsimplify the exposition, but arenot responsiblgor main results. Underthese
assumptionspnecanuseresultssimilar to Merton (1974)anduseoption pricing methodgo price
defaultablebonds.
Assumption 1. The price of the singlehomogeneougoodin theeconomyQ;, evolvesaccording
to thelog-normalprocess

dQ

a = [dt + Qth, (1)

wherethe procesdollowedby . is describedelov and o = ( o:1; o:2;0)isal 3 constant
vectorknown by investors.

Assumption 2: RealearningsE, evolvesaccordingto thelog-normalprocess

dE;

— = dt+ gdW (2)
Et

whereW; = (Wy; War; Wat)Cis athree-dimensionatectorof independenteinerprocesseshe
1 3constantvector g = (0; g.2;0) is assumedknown andconstant. The procesdor ; is
describedelow.

Assumption 3: { followsanN state,continuous-timenite stateMarkov chainwith generator

matrix ,’ thatis, overthein nitesimal time interval of lengthdt

j dt prob( t+dat = jjt= i); for i6]

X
i = ij -
jsi
In essencereal earningsandthein ation ratefollow a joint log-normalmodelwith drifts that
follow aregime switchingmodel. We usethesefundamentals$o pricesall assetsn our model. In
orderto do sowe needto specifya stochastialiscountfactorto be usedto discountreal payofs.

We malke thefollowing assumption:

’Thetransitionmatrix over statesn a nite interval of time, s, is exp( s) (seee.g.Karlin andTaylor 1982).



Assumption 4. Thereexistsarealpricing kernelM ; takingtheform:

dM
— L= kdt + oy AW (3)
Mt

where v = ( m:1; m:2; wm:3)isal 3constantandwherek; = ¢ + i+ t: Itisused

to pricerealclaimsanddetermingheexpectedreturnsto all securities We restrictits drift rate,the
realrateof interestto bealinearfunctionof thetwo (hidden)statevariablesof themodel.

The kernelis obsered by investorsbut not by the econometrician.Using it, agentsprice a
genericrealpayout o w of f d;g from theusualformula

Z,

MtPt = E MSdeSth . (4)
t

As in severalrecentpapergseefor exampleBerk, Green,andNaik 1999,BrennanWang,andXia
2004)we have speci edanexogenougpricing kernelprocesdo formulateequilibriumrelationships
amongendogenousnancial variables. The linear dependencef the real rate on the drifts of
fundamental®asatheoreticabasisin generakquilibriummodels:For example,in aLucas(1978)
economywhereinvestorshave power utility U (C;t) = e ! Cll— wewouldhaveC = E andhence
ki= + i+ % (1 ) E g and v = e. In this casetherealrateis not affectedby
thein ation drift. Our speci cationgeneralizesherealrateprocesgo economiesvherein ation
affects the real costof borraving. For example, Feldstein(1980) points to tax and accounting
channelghroughwhich expectedin ation affectsthe real rate. Finally, the marlket price of risk
for in ation shockswill ariseendogenouslyn a generalequilibrium economywherein ation is
correlatedwith asseteturnsasin Merton's ICAPM (seefor e.g. Section9.2 Cochran€001).

For notationalcorveniencewe stackthe fundamentaprocessegl) and(2). Let Y= (Q; E)° so
that

dY;

A = %dt + dW; 5)
t

whereS isto beinterpretedas‘element-by-elementdlivision, % = ( +; %and 2= ( 2; Q)°

We alsosometimesnd it usefulto addthe kernelprocesdo the stacled vectorandwrite X =

(Q; E;M)° whichhasthedrift vector { = ( 1; t; ki)° andvolatility matrix = ( o 2 m)°
The next assumptiommalkesit possibleto obtain uctuating uncertaintywhich is the objectof

theinvestigationof the presenpaper

Assumption 5: Investorsdo not obsenre the realizationsof ; but know all the parametersf the

model.



Sinceinvestorsdo notobsere  (i.e. thedrift ratesof the process)they needto infer it from
the obserationsof pastearningsjn ation, andthe pricing kernel. Thiswill generate distribution
onthepossiblestates 1;:::; n thatin turn generateshangesn “uncertainty” asthey learnabout

the currentstate.Giventhe obseration of y;, investorsform the posteriorprobability
it = prob( ¢ = ijFy)
whereF is investors' Itration attimet. Let (= ( 1t;:::; ~t) bethevectorof beliefs.

P
Lemmal Givenaninitial conditon o = ~with L, A = 1and0 7~  1foralli, the

probabilities j; satisfythe N-dimensionatystenof stodasticdifferential equations:

di= i( )dt+ ( ¢)dW, (6)
whee i()=1[¢t]i
(0= wli (00! (7)
X
()= . it i= Ey dzz—tt
and
aw = dx—xtt E dx—xtt Foo= (0 ~(Q)dt+ dw, ®)

Moreover, for everyt > 0, P N,ot=1
Proof. SeeWonham(1964),LiptserandShiryaye (1977),or David (1993).

The ltering theoremfor jumpsin the underlyingdrift was rst derived (to the bestof our
knowledge) in Wonham(1964). David (1993) provides a proof using the limit of Bayes' rule
in discretetime. The rst applicationof this theoremin nancial economicsaswell asseveral
propertiesof the ltering processarederivedin David (1997). Elliott, Aggoun,andMore (1995)
provided additionalresultswith this Itering approachjncluding an adaptatiorof Bayes'rule to
un-normalizedprobabilities.

We male thefollowing summarycommentsboutthe updatingprocess6): (i) Theelementof
thegeneratomatrix, , completelycapturethetransitionprobabilitiesbetweenrstates Absentary
new information, beliefstendto mean-rgert to the unconditionalstationaryprobabilitiesthat are
completelydeterminedy . For example,if thereareonly two stateswith 1, = 2and ,1 = 0.5,
thenthebeliefof theeconomybeingin statel mearnrevertsto 1=3. (ii) Thediffusiontermdescribes

the changen beliefsdueto new information. The weightgivento news is the volatility of beliefs



i ( 1); whichcanbethoughtof ameasuref "con dence'of investorsin their beliefsof the current
state ; . Whenagentsarevery certainof oneof thestateswe saythey arehighly con dent,andless
weightis givento new information. Whenthey have high uncertaintyof the currentstatevector
they reactmoreto news, andthe volatility of their beliefsincreases.This in-built mechanismn
updatingis the key to the resultsin this paper which require uctuationsin assetvolatilities. (iii)
Conditionalon agivenlevel of uncertaintythevolatility of beliefsis proportionalto the parameters
determiningtheratio of signal(differencein drifts acrossstates}o noise( ). (iv)

!
di= it dt + i dwy=10 9)
i=1 i=1 i=1

therebyensuringhatfor all t, P iN=1 it = 1. (v) Agentsupdatetheirbeliefsaboutunderlyingstates
not only by observingthe pathof fundamentalsbut alsotheir pricing kernel. This is analogougo
the Lucaseconomymentionedabove in which the agentwould learnaboutthe drift rate of the
maiginal utility of consumption.

For laterreferencewe rewrite the fundamentaprocesdY;=Y; in termsof the new innovation
processiW;.

dv;

~- = % dt+ o dWi (10)
Yt

SincedW; is an“innovations” procesaundertheinvestors' Itration, undertheseparatiorprinciple
it canbe usedfor dynamicoptimization. SeeDavid (1997)for a discussion.Similarly, the kernel
underinvestors' Itration isdM=M = k( {)dt+ y dW;; wheretherealratein the economy

K( t); isits expectedvalueconditionaloninvestors' Itration.

2.1 AssetValue Processand the Term-Structur e of Inter estRates

For evaluatingnominal claims and nominalrisk premiumswe will also usethe nominal pricing

kernel,N; = M{=Q;; which follows

dN
= rgdt+ N dW; (11)
N¢

whereriy = ki + ¢+ N %and N = M o: The nominalratediffers from therealrate

by the sumof expectedin ation andthein ation risk premium,which is the covariancebetween

in ation andthenominalpricing kernel.With unobsered statestheprojectechominalinterestrate

10



P
attimet is iN=1 ri . Thefollowing propositionprovidesexpressiongor the value-to-earnings

(henceforthvV/E) ratio andthe nominalbondprice:

Proposition 1

(a) TheV/Eratio attimet is

g(d= G C (12)

A=diaglki 1 wm ke 2 wm % ko o0N 0w D) D (13)

(b) Theprice of a nominalzeo-couporbondwith maturity is

X
B( tT)= it Bi(tt+ ) (14)
i=1
whee ")0‘ #
M : :
Bty )=E ot Wj= = T (1), 1s)
M Qt i1
jand!i; i = 1; ;N; are theith eigervector and ith eigervalue respectivelyof the matrix

N

= diag(ri;ro;  ;rn):

The proof follows from minor modi cations to the discrete-timeproof in David andVeronesi
(2004). SeealsoDavid andVeronesi(2002). Similar pricing for bondsusinga pureconsumption-
basedoricing kernelarein Yared(1999)andVeronesiandYared(1999).

In (a) eachconstan(C; representinvestors'expectationof future earningsgronth conditional
onthestatebeing ; today discountedusingthe procesdor the pricing kernelprocesd M g, and
normalizedto make it independenof the currentpayoutandtime. Hence,a high C; impliesthat
investorsasses highvaluerelativeto currentearningsn state ;. Sincethey donotactuallyobsere
thestate i, they weighteachC; by its conditionalprobability ; therebyobtaining(12). Noticein
particularthatthe form of the constantsC;'s suggesthat: (i) if < 1; ahighergrowth rate of
earninggmpliesa higherV/E, (ii) if > 0; ahigherin ation stateimpliesalower V/E, whichis
thereal rateeffectof in ation; (iii) in addition,theV/E ratioin a givenstateof grovth depend®n
the future sustainabilityof the growth rateandis determinedby the transitionprobabilities jj as

shavn in thesolutionto the N -equationsn (a).

11



Similarly, the bondprice is a weightedaverageof the nominalbond pricesthatwould prevail
in eachstate ;. Sinceinvestorsdo not actuallyobsenre the currentstate they pricethe bondasa
weightedaverage Both higherin ation andhighergrowth rateof earningdeadto lower longterm
bondpriceswhen > land > O:

Its usefulto noticethatall assefpricesfollow continuouspathseventhoughthe drift ratesfor
earningsandin ation jump betweena discreteset of states. Theseresultfrom the continuous
updatingprocess.

Usingthe characterizationf in ation andearningsprocessesndertheobsered ltration, we

arenow ableto specifytheprocessefor therealandnominalvalueof the rm' sassewalue.

Proposition 2

(a) Thenominalassetreturn procesaundertheinvestors Itr ationis givenby:

dv;?

S(0 = (900 (Qdt+ J(odw
Vt

whee ( {) = %,theexpressionfor S( t) isin Appendixl, andits volatility is

PN
NG . — 1
i1 Gi it
Thevolatility of thereal assefprocesssatis es: v ( ) = 8( t) 0:
(b) Therealandnominalrisk premiumssatisfy v( )+ ( ¢) k( ¢) = v( 1) ﬁ,l;and

200+ () r(= () 9 respectively

Proof. In Appendix1.

This propositionshavs that assetvolatilities have an exogenouscomponentdue to noisein
the fundamentaprocessand a learningbasedendogenousomponent. The latter is larger when
investorsare more uncertainaboutthe stateof underlyingfundamentaldecausdn suchtimes
investorsreactmoreto incomingfundamentahewns. Nominal (real) risk premiumsaredetermined
by investorsasthe negative of the covariancesf the nominal(real) assetvaluewith the nominal
(real)pricing kernel.

Thefollowing propositionstatesconditionsunderwhich the volatility of the rm' s assetvalue
with respecto the rst shock(in ation) is mostly negative, while the volatility with respecto the
seconashock(earnings)s positive. Wewill saystatevectorsx andy are(weakly)positively related

whenx;  x; iffy; y;.

12



Proposition3 Suppos¢hein ation statevector ; andtheassel/EstatevectorC; are negatively
related,andearningsstates, ; andC arepositivelyrelated,andall volatilities, q:1; o;2;and g2

areall positive Then, v1  0; 8;1 o1, vz 0;and 8;2 0:

Proof. In Appendix1.

The propositionis intuitive: if the V/E ratiois lower in statesvhenthein ation drift is higher
thenif realizedin ation is higherthan expected,investors' conditional probability of higherin-
ation increaseandassetvaluesdecline. Sucha negative correlationbetweerrealizedreal asset
returnsandrealizedin ation hasbeennotedby severalauthors.In ourempiricalsectionwe will ex-
aminetheestimated/aluesof thefundamentalstatesandV/E ratiosin the hiddenstatesandverify
thatthe statedconditionsin the propositionaresatis ed for the estimatedparametersin addition,
we will seethatthe exogenoussomponenbf in ation volatility, q:1; is 'small' — of the orderof
onepercentat an annualrate— sothatin mostperiods 8;1 < 0: Thesignof .3 isin general
indeterminatehowever we will nd thatfor our estimatedparametershis volatility is negative in
eachperiodin our sample.

The economymodeledhereis driven by threeinnovationsto the fundamentaprocessesYet
therearemorethanthreevariableswhoselevels areneededo characterizeénvestorsinformation.
In additionto thelevel of earningsandin ation, investors beliefsof the drifts beingin eachstate
alsodeterminethereturnsof all assetsn theeconomy As for all non-tradecassetsn equilibrium
modelsfor risk-neutralvaluation,thedrifts of thebelief processemustbereducedy their market
pricesof risk (c.f., for e.g.,Cox, Ingersoll,andR0oss1985,Hull 1993).As in theseframeavorks,the
market price of risk of ; is its covariancewith the pricing kernelof the economy The analytical

expressions givenfor thesemarket pricesin thefollowing proposition.

Proposition4 Thenominalmarlet price of risk of the statevariable i ,foreadi 2 f1; ;Ng,

investos' conditionalprobabilitiesof theeconomybeingin statei, is time-varyingandis givenby

(0= & (e () N & (17)

It is evident that even thoughthe market pricesof risks associatedvith the two shocksare
constantthe market pricesof risksfor the beliefsaretime-varying,andincreasen thefundamental

uncertaintie®f earningsandin ation. Therisk adjustmentsn a sensealistortthe meanreversion
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of thebelief processe&.Sucha risk premiumadjustmento thetransitionprobability matrixis also

performedn theratings-basedreditrisk modelof Jarrav, Lando,andTurntull (1997).

3 Price of Defaultable Debt

The rm issuesa singleclassof zerocoupondebt. If the realfacevalueof debtremainsconstant
credit spreadsn structuralform modelstendto zeroas maturity increasegCollin-Dufrenseand
Goldstein2001,Ericssonand Reneby2002). We will insteadassumehatthe rm issuesnominal
debtatapacethatensureshatthereis notrendin thedistancebetweerthenominalassevalueand
the nominalfacevalue of debtoutstanding.Black and Cox (1976) motivate the sameassumption
asa safetycovenantfor bondholders.In supportof this assumptionthe empiricalwork in Eom,
Helwege, andHuang(2004) suggestso additionalrole for maturityin tting spreadseyondthe

otherinputsin structuraform models.

Assumption 6: Thenominalfacevalueof debtattimet is givenby

Zt
DZ = D§ expl LG9 (snas] (18)

S

wherer ( {) is the nominalrateof interestde ned in Proposition1(b), andDOQ is the initial face
valueof debtof the rm, and ( ;) is the earnings-yieldn Proposition2. The netgrowth rate of
debtr( ;) ( ) canresultfrom grossissuancettherisklessrateandretirementat the earnings

yield, or any suchcombination.

Assumption7: Similarto Merton(1974),we assumehe rm defaultsat maturity T, if the market
valueof the rm' sassein nominaldollarsatmaturity is belov thefacevalueof its debtin nominal

dollarsD?.

Assumption 8: Theassetalueof the rm is atradedsecurity
TheassumptiorandPropositior? impliesthatthenominalassewalueof the rm canbewritten
asdV;2=V2 = (r(«) (1) dt+ Jdw,;wheredW, = dW, ydtwhere y= M o

arenominal market pricesof risk. De ne the solveng ratio of the rm asZ; = VthDtQ, and

8The point is madebestin the 2-statecase. In this case, ; meanrevertsto ; = 1=( 12 + 1) underthe
objective measure.However, underthe risk-neutralmeasure, ; meanrevertsto the positive root of ( 1o +

21)( 1 ) (r1 r2) 1(1 1); whichis smallerthan ; whenr; > ry: Therefore lessprobability is
assignedo higherinterestratestates.
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z; = log Z;. Underthenominalrisk-neutraimeasurehe solvengy ratiofollows
dzy = J( 1) dw, : (19)

By standardno-arbitragepricing (Dufe 1996, Chapter5.G) every contingentclaim f (t; z¢; 1)

mustsatisfythefundamentapartial differentialequation(PDE)

1 X
(ot = S 32 800 & t)°+j:1%(j(t) ) (20)
1@ o o 0, X @ o o XX @t o 3.
" 2 @2 v v +j=1 @@, v )+ 21 in @@, k(1) (o)

where i( ) and j( ) aregivenin egs. (7), 3( t) isin eq. (16),and ( ) is givenin (17).
In addition,naturalboundaryconditionsat 0 andl for eachbelief processandterminalconditions
determinedy the nal payof of thecontingentclaim areimposed.

Theexpectedhominalvalueof the rm' s debtis givenby thefollowing proposition.At theend
of this sectiorwe studythevariouschannelshroughwhichin ation will affectdefault probabilities
in ourmodel.

At maturity the payof for eachdollar of facevalue of debtoutstandings Min(Z t;1): That
is, in default, therecorery on eachdollar of defaultabledebtequalsthe solveng ratio. We extend
the Fourier Transformmethodologythathassofar beenusedin theaf ne framavork (seefor e.g..
Steinand Stein1991,Heston1993,Bates1996,Bakshi,Cao,andChen1997,Scott1997,Bakshi

andMadan2000)to solwe for defaultablebondpricesin thefollowing proposition.

Proposition5 Thedefaultablebondprice for a rm with nominalassetvaluthQ, nominaldebt

outstandingD , andhencez, = V,2=D, andwheninvestos' beliefsare ; satis es
P(Zi, tT) = B( ) 20Zy; vt T)+G(vz) (1 a(Zy; otT)); (21)

whee 1(;)and »(; ) arethetime-tpricesof Arrow-Debeusecuritieshat paya dollar if the
rm is solventat T (Z1 > 1) undertwo differentmeasues. Thesewo probabilitiescan be found
by fast Fourier Inversion of the characteristicfunctionof the discountedog solvencyratio under

therisk-neutal measue

R .
f(z;'1, T t)=E[e {1 s)dsgl! YTz 1l:
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B(t)="f(z;0, ;T t)yandG( ;z) = f(z;1=i; ;T t) areobtainedbysimplyevaluating
f (; ) attwo points,and are the bond price, and forward solvencyratio, respectivelyunderthe

risk-neutal measue.

Proof: In technicalappendix.

Thecharacterizationf therisky-bondpriceis analogougo thatMerton(1974),with the exten-
sionto the caseof stochasticallygronving debtof the rm. Thecall optionvalue(equityof the rm)
for thecasewhere ; wasl-dimensionalvassolvedin David andVeronesi(2002). In this papey
we extendthesolutionto thegenerakasewhere  is N-dimensionalandin addition,interestrates
andthedefault boundaryarebothstochastic.

The characteristidunction is obtainedby solving the Fourier Transformof the fundamental
PDEin eq. (20) with respectio the log solveng ratio with the terminalcondition , ,; where

(:) standsfor the Dirac function. An M term polynomial approximationof f (; ) is provided
in eg. (55) in the proof. We reportresultsusinga 9th order polynomial approximationin each
dimensionfor an overall basisof 220 Legendrepolynomialsover the 3-dimensionabelief space
(onedimensionof beliefsis redundant).

For corveniencewe alsowrite the T-periodspreadon the defaultablebondas

G( t;zt)

S(Zy; T T) = l|09 2(5 )+ B

T (1 1(5)) (22)

We seeif thefollowing corollarythatthe creditspreads a decreasingndcorvex functionthe
solveng ratio, Z¢; of the rm. As we will seein Section4, the corvexity propertywill partially

resohe thecreditspreadspuzzle

Corollary 1 (i) Thedefaultablebondprice P(Z¢; ¢;t; T) is anincreasingand concavefunction
of the solvencyratio, Z;: (ii) Thecreditsprad,s(Z;; ;t; T) is adeceasingandconvex function

of thesolvencyratio.

Proof: In Appendix1.

For evaluatingexpectedreturnsandvolatilities of bondreturnswe provide thefollowing result.

Corollary 2 Thevolatilities of dP( ; )=P( ; ) with respecto thetwo sho&sin the economyare

givenby
P.(;) V(O+P () (0.

p(Zy; 6 T) = P() ;

(23)
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whee ( ) arethevolatilities of beliefswith respecto thetwo sho&s asin (7), and, Q( ) are
thevolatilities of thenominalassetvalueasshownin (16). Thepartial derivativesof thebondprice
with respecto the solvencyratio andthe beliefsare providedin the proof Theexpectednominal

returnon bondsis

P(Ze; it T) = r( ) p(;) N (24)
whee |, arethenominalmarket pricesof risksde nedin (11).

Proof: In technicalappendix.

We endthis sectionwith somecommentson the variouschannelghroughwhich unexpected
in ation (asmeasuredy in ation volatility) and expectedin ation (asmeasuredy the Itered
beliefs)will affectthe rm' s probability of default underthe risk-neutal measue in our model.
As seenfrom Proposition2, the volatility of rms' nominalassetvalue equalsthe sumof its real
volatility andin ation volatility, while by Assumption6, debtgrowth is locally smooth.Its direct
implicationis thatcreditrisk for rms increasesvith in ation volatility asthedefaultablebondprice
is thevalueof thesafebondpricelessa putoptiononthenominalassetwalueof the rm written by
bondholderandpurchasedby equityholders.An increasen in ation volatility increaseshevalue

of this putoption.

PN o
By Corollary 1(ii), creditspreadsirredecreasingn Z:( ) = C iz CI'DQ")E‘ Q. Thereforethe
t
commentson the V/E ratiosin the N statesC; belov Propositionl apply Theirimplicationsare

thatex-ante thefollowing effectshold:
1. For > 0; anincreasdn expectedin ation increaseshe realrateof interest. This hasan
effectonloweringZ; andincreasingspreads.

2. If thetransitionprobabilitiesto lower earningsstatess higherin higherearningsstateshen

anincreasén expectedn ation lowersZ; andraisesspreads.

3. In addition,if thetransitionshetweerearningsstatesaaremorelikely in higherin ation states,
higherexpectedn ation raisesnvestors'forecasof theendogenousomponenof futureas-
setvolatility, andsincespreadsrecorvex in Z;, causeshemto increaseDavid andVeronesi

(2004)examinethevolatility forecastingpower of in ation baseduncertaintymeasures.

4 Calibration

In thissectiorwe provide a brief descriptiorof thecalibrationmethodologyestimate®f ourmodel,

thecreditrisk cornvexity effect, andimplicationsfor the creditspreadsevel andvolatility puzzles.
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4.1 Calibration Methodology

We calibratethe model by usinginformationin both fundamentabnd nancial variablesto ob-
tain time seriesof investors'beliefsover fundamentabktatesaswell asthe underlyingparameters.
Supposeahe V/E serieswasobsenrable: Thenusingit, the dataon fundamentalsandthe Treasury
yields,we estimatethe parametersisinga SMM methodasdescribedelow.

Let denotethe setof structuralparameterin the fundamentaprocessesf earningsgrownth
andin ation in (1), (2), andthepricing kernelin (3). Let thelikelihoodfunctionfor thefundamen-
talsdataobseredatdiscretepointsof time (quarterly)beL . Theprocedurealsogenerateseriesof

Itered probabilitiesthatinvestorshave of eacheachunderlyingstates.To extractinformationabout
investors'beliefsfrom fundamentalsiswell asequityandTreasurnbondyieldswe addmomentsof
asseprices,andusethe pricing formulaefor the V/E ratio andTreasurybondpricesin Proposition
1 to generatemodel-determinednoments. Let f e(t)g denotethe errorsof the pricing variables,
andlet (t) = e(t)® %(t)0 % wherethe secondterm is the scoreof the likelihood function of
fundamentalsvith respecto . We now form the SMM objectve:

!

t (25)

T 10 T
X
T =1 T

cC=

Thedetailsof theprocedurearein Appendix2.

Sincethe assetalueseriess in factnot obsered, our estimationproblemfalls undertheclass
of “missingdata’problemsfor whichthe Expectation®inimization (EM) procedures applicable.
The procedurds recursve. In brief, we useestimate®f bondprices,the parameteestimatesand
beliefsatthenth stageto estimateheassevalueattimet asvV,.2™ = PE + (" DQ: wherePE is
themarketvalueof the S&P 500ateachdate,DtQ is formulatedusingAssumptions wth DC? setso
thattheinitial solvengy ratioof the rm isk; whentheinitial V/E ratioof the rm isitsunconditional
valueof C ; andk is thelong-runsolveng ratio of a givenratingcategyory. Theestimatedtage
n V/E ratio at datet is simply ;%™ =E;; andthe solveng ratiois Z{" = V2™ =DQ: Now the
SMM estimationproceduras usedto minimize (25) conditionalon the nth stagebondprices,and
to nd theoptimalparametevaluesof stagen + 1: New estimate®f bondpricesareobtainedusing
Proposition5. The stepsarerepeatedintil corvergence.Furtherdetailsareprovidedin Appendix
2.

The rst formal descriptionof the generaEM methodologyis in DempsterLaird, andRubin

(1977). More recently Duan, Gauthier and Simonato(2004) provide an equivalencebetweenhe
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EM procedurausedin industryby Moody's KMV (seeCrosbieandBohn2002)andandthe maxi-
mumlikelihood(ML) procedurdo estimatestructuralcreditrisk modelsin Duan(1994).Ericsson
and Reneby(2005) extendthe ML approachallow for stochastidnterestratesand more general
default boundaries.Our methodgeneralizegshe EM procedureo in additionaccountfor both a
stochasti¢dermstructureandvolatility. We notethatuponconvergence pourempiricalprocedurdor
tting theassetwalueprocesss internally consistentn thatbondpricesat eachdatearecomputed
usingaformulathatincorporatedvothfeatures.

The simultaneougoint estimationof the unobsered assetwvalueandassetvolatility hasposed
a conundrunto both academicsnd practitioners especiallywhenthe latter variesstochastically
over time. The most popularapproachhas beenthe two equationand two unknavn problem:
(a) equity is a call option on the assetvalue,E = Call Option(V; v ); and(b) equity and asset
volatilities arerelatedby g = v Ey V=E (see,for e.g.JonesMason,and Rosenfeld1984).
Both relationshipshold only whenthe volatilities are constant.In their implementatiorhowever,
researcherbackout time-varying volatilities. More recentlysomeauthorshave usedhistorically
inferredassetaluesfrom thecall optioninversionusing(a) (Vassalol2004),or have usedhistorical
volatilities of equitiesandtransformedo assetvolatilities using (b) (Eom, Helwege, and Huang
2004),to obtaincurrentestimate®f assevolatility. In additionto theinternalconsisteng problem,
thesemethodsarenecessarilypadkward looking In contrastpur methodusescurrentfundamentals
andassepricesateachdateto backoutcurrentbeliefs,andassetolatility is obtainedrom eq. (16)
in Propositior2. Finally, our calibrationmethodis similarly consistentvith the valuationeffectsof

astochasticdermstructureof interestrates.

4.2 Estimation Resultsfor the RegimeSwitching Model

In this subsectionye brie y describethe resultsof the estimationof the regime switchingmodel
for the fundamentalariables— earningsandin ation. We startwith the descriptionof the data
seriesused.Equity valuesareestimatedisingthe S&P 500 operatingearnings-peshareandprice-
to-operatingearningratio seriesfrom 1960-2001arefrom Standardand Poor The time seriesof
nominalearningss de ated usingthe ConsumePricelndex serieswhichis alsousedto compute
thetime seriesof in ation levels. Thetime seriesof constantmaturity zerocouponyieldsarefrom
theFederaResere Board.

We estimatea modelwith threeregimesfor in ation, 1 < , < 3, andandtwo regimesfor

earningggrowth, 1 < 5, whichleadusto six compositestatesoverall. Somefurthercomments
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on the selectionof numberof regimesin eachseriesarein Appendix2. In our estimation,we

foundthattheunconstraine@stimate®f thetransitionmatrix led to severalzeroelementsleading
to a more parsimonioudour statemodelf ( 1; 2);( 2; 1);( 2; 2);( 3; 1)g. Thatis we found
thatthestateq 1; 1) and( 3; ») stateshadcloseto zeroprobability of occurringin the sample.
Overall, the four stateand six statemodelleadto almostthe samevalue for the SMM objective

function. Gray (1996) and Bansaland Zhou (2002) usea similar criterion for the choiceamong
alternatve regimespeci cations.

The top panelof Table 1 reportsthe meansand volatilities of fundamentalsas well asthe
pricing kernel parameters.The middle panelreportsthe transition probability matrix aswell as
the assetpricesin the four states. We estimatethat in ation averagesl.3, 4.3 and 0.3 percent
in the threestateswhile earningsgrowth averagesnegative 9 percentand5.1 percentin the low
andhigh growth stategespectiely. A few commentsarein order: First, while all the stateshave
statisticallysigni cant estimatesthe standarderrorsfor thein ation statesaremuchsmallerthan
for the earningsgrowth states.The volatility parameterandthe top panelsof Figure 3 shav that
in ation is much lessnoisy than the earningsseries,leadingto betterestimatedor the former
series. Secondthe high growth rate of earningsis far more persistenin the low in ation state:
from the (LI-HG) state,thereis a 98 percentchanceof returningto this state,anda 2 percent
chanceof transitioningto the (MI-HG) statein a year thereforethereis almosta zerochanceof
growth slowing in a quarterin which thereis alsolow in ation. Fromthe (MI-HG) stateon the
otherhandthereis 8.2 percentchanceof atransitionto the (MI-LG) statein thefollowing quarter
This is the signalingrole of in ation — it providesan early warningof unsustainabl@igh grownth
of fundamentalsThe overall SMM objective functionvalue,which hasa chi-squarediistribution
with six degreesof freedom,is 9.23,implying a p-valuelargerthan16 percentsowe fail to reject
ourmodel.

We next turnto thekernelparameteestimatesthethird setof parameterg Tablel. We notice
immediatelythat and  areboth signi cantly positve, which meansthat real rate increases
in statesof fastergrowth of real fundamentalg&swell ashigherin ation. Ceterisparibuswe will
have therefordower V/E ratiosandhigherTreasuryyieldsin suchperiods.Theseobserationsare
con rmed in the bottompanel,which reportsthe implicit parameters$or the V/E andbondyields
acrosghestateausingthe pricing formulasfor stocksandbondsin egs.(12) and(14) respectiely).

Besideghekernelparameterghetransitionprobabilitiesalsohave alarge effecton V/Es. Con-
siderthetwo stateof mediumin ation growth. If therewerenoregimeswitchestheV/E computed

usingPropositionl would bearound6.6and16.7in thelow andhigh growth ratestates However,
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with the estimatedswitching frequenciesthe V/Es are 11.8 and 13.3, that is the differencesn

V/E areto a greatextenteliminated. This is of coursedueto the instability of high growth in the
mediumin ation state. The implied parametemlso shav why the slopeof the term structureis

anotheiproxy for this signal. Thereis anextensve literaturedocumentinghe forecastingpower of

theslopeof thetermstructurgsee for e.g.EstrellaandMishkin 1998).1n our calibratednodel,the
slopeis positive in theLI-HG, andMI-LG states)ut is negative in the MI-HG, andMI-HG states,
in eachof which the 3-monthrateis in doubledigits. Fromthetransitionprobability matrix we see
thatin eachof thesdatter stateshereis a large probability of low growth in the following quarter

Thereforein the modelthe slopeis a proxy for investors'likelihood of the economyshifting to a

low growth state.

Thetime seriesof the Itered probabilitiesareshavn in Figure2. The 1960sand1990swere
decadesvhenthe low in ation and high earningsstateprevailed. Therewere several switches
within themediumin ation statesn the1970s,with two boutsof highin ation andlow growth in
themid-1970sandearly 1980s. The mid to late 1980swere characterizeavith high probabilities
of mediumin ation andhigh growth, beforethe low in ation boomyearsof the 1990s. Among
morerecentdates by late 1999, the stateof mediumin ation anhigh gronvth hadbecamea likely
possibility whichwasfollowedby a spike of themediumin ation andlow growth probabilityin the
Springof 2000,causingaseveredropin themodelimplied V/E. Theseltered beliefsandtheabore
implied parametersireusedto generatdime seriesof model-impliedtime seriesof fundamentals
and nancial variablesn Figure3. We reporttheexplanatorypower of our modelfor thesevariables
in thefootnoteto this gure. As suggesteearlier we aremuchmoresuccessfuin measuringhe
stateof in ation (R? of 69 percentthanrealearningsgronth (R? of 16 percent) Among nancial
variablesthe t for the V/E ratiois about50 percentalthoughnotably the modelfailedto t the
high valuationsof the late 1990s. The ts for historicalyield serieshave R?s of betweerd4 and
51 percentwith the better ts for the shortmaturities. Despitethe changesn regimes,the model
fails to matchthe high yields during the early 1980swhenthe FederalResere experimentedvith
monetarypolicy, althoughthe ts are quite accurateoutsideof this period. The coefcients of

eachvariablearesigni cant attheonepercentievel andareall closeto one(notreported).

4.3 Credit SpreadsData Description

In this subsectionwe constructempirical counterpartdor the credit spreadof “representatie

rms” in the economywhich all have commonfundamentalprocessedut have differentlevels
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of leverage. We follow animpressie list of work including Longstaf and Schwartz (1995)in
studyingimplicationsof structuralform modelsfor credit risk at an economy-widelevel using
popularindexesof creditspreadsDefaultablebondpricesof these rms areformulatedusingthe
pricing formulain Proposition5. We provide a brief descriptionof dataand modelseriesin this
subsectionandfurtherstudytherelationshipsetweerthemin Sectionb.

We startwith a descriptionof our dataseriesfor credit spreads. We useyields of indexes
of differentinvestment-gradeating catejoriesof Moody's corporatebondindexes. Eachrating
index containsarelatively smallnumber(75-100)of the mostliquid corporatebondsin thatrating
categyory with initial maturitiesof about20 years. The indexes exclude corvertible bonds,but do
not exclude bondsthat have embeddedptionsfor issuers.In additionto the fact that the bonds
includedarelikely to be actively traded,we have long time serieson theseindexes. We usethe
samplefrom 1958-2001the sameperiodfor which we have Treasurybondyieldsavailablefor our
calibrationexercise. Our basiccredit spreadde nition for arating cateory is its yield difference
over Aaa-ratedoonds. We alsoreportsomeresultswhenthe differenceis taken over the 10-year
Treasuryrate (the 20- and 30-yearseriesdo not have datafor all datesin our sample). We also
have similar indexes of yields between1973-1998constructedoy LehmanBrothers. We obtain
very similar resultsfrom usingeitherof thetwo series We alsohave availablereturnsdataonthese
LehmanBrothersindexes,andwewill usetheseto testpropertieof returnsovertheshortersample.
Finally, we notethatwe have availableaverageindex yieldsfor bondsin LehmanBrothersindexes
which only useoption-freebondsover the smallersamplefrom 1985-1998 Prior to 1985there
wereno non-callablebondsoutstanding.Our resultson this samplearealsosimilar to thosefrom

Moody's serieq(for brevity we do not presenthese put will make themavailableonrequest).

4.4 The Credit Risk Convexity Effect and the Credit SpreadsPuzzle

For constructingnodel-basedpread®f agivenratingcateory, we take theapproachhattherating
agenciesadoptthe“through-the-bisinesscycle” approachwhichwasdescribedn theintroduction,
to assigningrms to a givenrating catgory basedon its averagesolveng ratio throughgoodand
badtimes.Thetime pathof thesolveng ratiois constructeésdescribedn Sectiord.1. Thespread
attimet is generatedisingthe calibrated ; seriesass(Z¢; ;t; T) ineq.(22).

As seenin Figure4, default probabilitiesunderthe risk-neutal measue changequite signi -

cantly with the stateof fundamentals We plot the 10-yeardefault probabilitiesfor variouslevels

9We thankGreg Duffeefor providing theseseries.
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of the long-runsolveng ratio and conditionalon having perfectknowledge of fundamentalde-

ing in eachof the four possiblecompositestates.In the plot, we setZ; = Ci=(C Yk 19 The
probabilitiesare for differentlevels of k: As canbe seenthe default probabilitiesfor eachgiven

level of the solvengy ratio shift dramaticallywith the stateof in ation, andonly slightly with the

stateof earninggrowth. Take for examplethe casewherek = 2:5: in the (LI-HG) statethe default

probabilityis about3.5 percentjn the (MI-LG) and(MI-HG) statest is around26 and19 percent
respecirely, andin the (HI-LG) stateit is about37 percent.Usingthe unconditionalprobabilities
of thefour states, asshavn Table1, we obtainan unconditionalaverageof the default rate of

the rm with along-runsolveng of 2.5 of aboutl13.5percent.The default probabilitiesunderthe

objectivemeasue arelower thanundertherisk neutralmeasurdecaus®f theeffect of the positve

risk premiumof about?7.6 percentin our modelwhich makesthedrift of the solveng ratio positve

underthe objective measurendthe similarly constructedinconditionakverageis 4.6 percent.

For our calibrationexercisesin the following sectionwe generatea modelimplied Baa-Aaa
spreadseriesusingthe rm' s averagesolveng ratio of k = 2.5 in eachstate.The choiceis based
on the averageleverageof BBB (equivalentto Moody's Baarating) rms asreportedin Standad
and Poor's 1999 publicationCorporate RatingsCriteria. For bondswith ten-yearmaturitieswe
generatea credit spreadof 31 b.p in the (LI-HG) state,which balloonsto over 257 b.p. in the
stag ation state. In the ‘normal’ recessiorstate,(MI-LG) stateit averages205 b.p., while in the
stateof mediumin ation, but still solid growth it is 157 b.p. Usingthe stationarydistribution over
stateswve obtainanunconditionakverageof the creditspreadof 106 b.p. By comparisonthe Baa-
Aaaspreadn the samplefrom 1958-2001wasabout97 b.p., while the Baaless10-YearTreasury
spreads largerat172b.p.

A substantiapart of the spreads attributedto a credit risk corvexity effect, which will arise
in ary othermodelwith atime-varying solvengy ratio. To illustratethe creditrisk corvexity effect
in a simpleandeasily veri able way, we adaptthe BSM modelto our structuralassumption®f
debtgronth atthe nominalshortrate of interest,andno payoutsprior to maturity We incorporate

a proportionalbankrupty costparameter to enablethe modelto t historicalrecovery rates

10 Implicit in this calculationis thatthe rm' s valueat time't is VtQ = Ci E{ Q¢: Its debtlevel att to bein a

ra
Z4

(c

ting category with a long-runsolveng ratio of k is determinedby % = k: Now substitutingfor

= V,2=Dg givesthe statedlevel of the conditionalsolveng ratio. Alternatively, this is the level of the

solveng ratio thatthe rm would have att startingwith Zo = k andthe processe$or the assetvalueanddebt

gr

owth asspeci ed.
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aswell; building this featureinto our modelis straightforvard!' For example, xing the asset
value-to-debtatio to 2.5, choosingthe asset-ulatility parameteto equal21.9 percentwhichis
the averagevolatility endogenouslgeneratedsin eq. (16) usingthe calibratedbelief processve
obtaina creditspreador a bondwith a 10-yeamaturity of 46 b.p. for thecase = 0:. Next, if we
useour calibratedstationaryprobabilitiesandasset/alue-to-earninggatiosin the four statesn the
bottompanelof Table1, thenusingtheformulaz; = Ci=(C ) 2:5 we obtainsolveng ratios
of 3.34,1.60,1.80,and 1.24. Calculatingthe spreadusingtheseinitial ratios,andthenaveraging
usingthestationaryprobabilitieswe obtainanaveragespreadf 73 basispoints,whichis 59 percent
higherthanthe spreadusingthe averagesolveng ratio. Finally, if we usea market price of risk of
0.36(thisis the Sharpeatio obtainedfor theassetalueprocessn our model),we would obtainan
averagedefaultprobabilityin thefour statesindertheobjectivemeasue of 3.6 percentwhichis 0.9
percentiower thanthe averagel0-yeardefault probability of BBB bondsasreportedby Standard
andPoors (andusedin the calibrationby HH).

Theintuition behindthe resultis straightforvard: The creditspreads corvex in the solvengy
ratio. The top panelof Figure5 illustratesthe point. Whensolveng ratiosvary over time, the
averagespreads higherthanthe spreacat the averagesolveng ratio. HH in all their calibrations,
always reportthe latter As such, the amountof the spreadthey justi ed by credit risk is too
low. In our model,debtgrowns at a steadypacewhile assetvaluationsvary more with changing
investors'beliefsof the stateof theeconomycausinghe solveng ratioto uctuate. The“through-
the-ratings’cycle approachmpliesthatratingagencieslo not changecompaniesatingsbasedn
such uctuations. In calibratingstructuralform modelsfor bondswithin a given rating cateyory
thereforethe econometricianoo mustaccountfor changesn the solveng ratio overtime.

The corvexity effect of changingassetvaluationsandsolveng ratiosis inverselyproportional
to assetvolatility becauseor higherlevels of volatility, spreadsare lesssensitve to the initial

solveng ratio. We note,thatin their calibrationsHH usehigherlevelsof assewolatilities, of about

11
Thebondpricefor this caseis givenby

Pe = e T YD N@)+ @ )Z(@ N(d))];

4 = logZ+ 2=2 (T 1)

' Tt

d = d T t
Since r= m ; where is thedrift of the assetvalue procesaunderthe objectve measureand o, is
the market price of risk of thesingleshockthe default probakylityunderthe objectve measurés 1 N (dSMy;
whered™ = logZi+[( m ) 2221 (T t) < T t): Therecoveryrateconditionalon default

undertheopjectvemeasurésgivenby (1~ ) Zie T Y@ N@EPM)=2 N(dSM)); whered®™ =
dpM T t
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26 percentfor BBB-rated rms. In this case,the increasedspreaddueto the corvexity effect is
lower, at 42 percent.In theright panelof Figure5, we calculatethe ratio of the averagespreado
the spreadatthe averagesolveng ratio— which we call the convexity premiumfor the casewhere
the solveng ratiosandtheir probabilitiesare given asin our calibratedmodelabose. As another
example for a rm with assewolatility of 16 percentandthe sameassetwaluationratiosasabove,
would have anaveragespread?.7 timeshigherthanthe spreadatthe averagesolveng ratio!

In computingmodel-impliedspreadsHH not only matchedthe historical default probability
underthe objective measurebut alsorecovery rates.By having non-zerobankrupty costs,we are
ableto matchboth estimates.Computingagainthe averagespreadwith a time-varying solvencg
ratioascalibratedabore we nd thatwith amarletpriceof riskof , = 0:322 volatility of 21.7
percentandbankrupty costsof = 0:35, we matchthe historical 10-yeardefault probability of
0.045,therecovery rateof 0.51 centsper dollar, andobtaina creditspreadof 131 b.p., morethan
twice ashigh asHH foundin mostmodels.Eom, Helwege, andHuang(2004) useestimate of
in this rangeandpoint to recentempiricalevidencesupportingsuchvalues.Finally, incorporating
bankrupty costs(assumeaeroin our model)will furtherincreasehespready anothe50-70b.p.

It is importantto pointthatthe convexity effectapproximatedrom theBSM modelwith chang-
ing solveng ratioswasableto boostthecreditspreado 73 b.p., while our averagemodelspreads
higher at106b.p. Theremaining33 basispointsis dueto two additionaleffects,whichwe describe
next.

Firstly in ourmodel,thecorvexity effectis largerdueto thefactthatassetolatility is stochastic
andnegatively covarieswith assetaluations(the formeris higherandthe latteris lower in higher
in ation states). This further boostsspreadsn low valuation statesand lowersthemin higher
valuationstatesenhancinghecornvexity effect. To quantifythiseffectwe rst nd thattheaverage
volatility forecastedat the 10-yearhorizon, which arerelevant for pricing in the four states,are
0.178,0.318,0.232,0.299respeciiely.? Usingthe BSM modelwith the solveng ratiosspeci ed
earlier andthesevolatility forecastsand averagingusingthe stationaryprobabilitiesprovides a
spreadof 96 b.p. Thatis, this effect explainsanincremental3 b.p. This effect alsoincreaseshe
averagedefault probabilityundertherisk neutralmeasureo 4.6 percentatabouttheobseredlevel
for BBB bonds.

The secondincrementaleffect in our modelis the neggative covariancebetweeninterestrates

andassetvaluationratios (seeTable 1), a channelthat alsobooststhe long term assetpremiums

R
Lletv(t; T; ) = E[ tT il 8( s)jjds]; betheforecastof volatility to the maturity of thebond. Thenv(t; T; )

followsthe PDE:0 =  v; + jj 8( Ji+tv ( () ()y+ % ( ) ( )% We solve this PDE with projection
methodssimilar to the solutionof thefundamentaPDEin eq. (20).

25



in our model and hencelowersthe pricesof defaultablebonds!® We canquantify this effect by

solving the PDE (20) for bond priceskeepingall statevariableswith the samespeci cation, but

holdingthe shortrateconstanttits model-impliedaverageof 6.05percent.By doingthis, we are
essentiallyreducingthe covariancebetweenthe pricing kerneland solveng ratiosto zerosince
at long horizonsthe variationin the discountfactoris dominatedby the variation of its growth

term(seepage473in Cochrane€2001). Recalculatinghe spreadn eachstateandaveragingusing
the stationaryprobabilitiesprovidesus an averagespreadof 97 basispoints,which meanghatthe

covarianceeffect accountdor 106 - 97 = 9 b.p. Chen,Collin-Dufrense,and Goldstein(2005)
(henceforthCCG) usedthe Campbelland Cochrang1999) habit-formationmodelto generatehis

covariancein generalequilibrium. Similar to our calculation,holding the solveng ratio constant,
they reporta modelspreaddf 60 b.p., about13 b.p, higherthanour BSM benchmark* The small
impactof this channekhaws thateventhoughinterestratesandcreditspreadsrecorrelatedn our

model(asin thedata),the factthatinterestratesarestochastigés notimportantfor generatingigh

spreads.nsteadit is their (in ation' s) signalingrole thatimpactsassetvaluationsandvolatilities

andenlagesspreads.

CCGalsoexaminetheability of theBansalandYaron(2004)modelto resohe thecreditspreads
puzzle whichlike our model,hasatime-varying growth rateto fundamentaprocessedn contrast
to the resultsfor the equity premiums,holding assetvaluationsconstantthey nd thatthe time-
variationin growth ratesitself cannotjustify a large spreadsince corporatebondshave ten year
maturities,and stochastiogronth rateshave a signi cant impact on assetvaluesonly at longer

horizons.

13The bond price in our model can be written as P, = Et[';l\l_I (1 1z,<1(0 Z7))] =
EREIEN(Q  1z:<2(1 Z7))] + Cov[{T1z,<1(1  Z1)]: The rst term is the value of discounted
expectedosseswhich are pinneddown from dataon historicaldefaultsin modelcalibration. The seconderm
shavsthatthebondpricewill belower (andhencespread$igher)in modelswherethe covarianceof thepricing
kernelandthe solvengy ratiois positive atthe 10-yearhorizon. Sincethe drift of thekernelis the negative of the
nominalinterestrate,this happensvheninterestratesandsolveng ratiosarenegatively related.

14The habit-formationmodelimplies that risk premiumsare countergclical, and hence conterctually thatthe
probability of default underthe objectve measurés lowestin recessionsCCG areableto improve the perfor
manceof themodelby postulatinga default boundarnthatincreasesnorerapidly thandebtin recessionswhile
volatility andrisk premiumsarehigherin recessioné our modelaswell, solveng ratiosareendogenousnd
fall in theseperiods thusavoiding the countergclicality of default probabilities.
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4.5 The Time Seriesof Credit Spreadsand the Credit SpreadsVolatil-
ity Puzzle

Returningto our modelresults pnenaturallyquestionsf movementsn theaggrg@atesolveng ratio
leadto spreadnovementghatareconsistentith time seriesof obsered creditspreadsUsingthe
calibratedsolvengy ratio seriesf Z;g andbeliefsof thestatesf ;g; we useeq.(22)to generateéhe
time-serief modelspreadsCSM(t): The historicalBaa-Aaaspreadobtainedirom Moody's and

the tted seriesarein Figure6 andareusedin theregressiondelow:

Ct)

0:0306+ 0:887CSM(t 1) (26)

(0:535) (17:537) R? = 0:642 (27)

wheret-statisticsarein parenthesesWe malke the following summarycomments:(i) The model
spread®xplainsabout64 percenbf thevariationin thehistoricalspread While somereaderdave
guestionedherole of in ation in recentyearsthe t in the rst andsecondhalvesof thesamples
explain54and72 percenof thevariationrespeciiely (regressionsiotshavn), (i) Theinsigni cant
interceptermfollows from thefactthatin ourmodelthereis no creditspreadpuzzle (iii) We have
usedthe one-quartedag of the model spread. Highly signi cant regressionsare also obtained
with the contemporaneouggressionhowever, the t one-quarteaheads better suggestinghat
investorgdonotfully adjustto allincomingnensonin ation instantaneouslyVereturnto thisissue
in thefollowing section.(iv) Severalauthorsin the pasthave presentedhe regressionsn changes
of spreadsdueto the possiblenon-stationarityof historicalspreadsWe nd thatthe evidencefor
non-stationarityf the spreads notstrong®® Neverthelesswe presentevel regressionsiereandin
Section5 we alsopresentegression®f returnson the bondindexes,which aremoretightly linked
to the theorythanchangesn spreads.In addition,therehasrecentlybeena recentresugencein
understandinghe level of spread¢seeEom, Helwege,andHuang2004,HuangandHuang2003).
Finally, thecreditrisk corvexity effectoutlinedaboreis relatedo thevolatility of creditspreads,
since more volatile spreadsenhancehis corvexity. We nd that the standarddeviation of the
historicalBaa-Aaaspreads about45 b.p., andthe model tted spreadn Figure6 hasa standard
deviationof 43basigpoints. Thereforethechangingsolveng ratioin ourmodelis ableto addresses

the creditspreadwolatility puzzleraisedin CCG,who point out thatfor several creditrisk models

15The estimatefor the autorgjressie parameteusingthe AugmentedDickey-Fuller procedurgDickey andFuller
1979)with notimetrendis 0.914 with at-statisticof -2.667.The5 and10 percencritical valuesof thet-statistic
are-2.876and-2.568. The estimatefor the autorgressve parameteusingthe PerronprocedurgPerron1989)
is 0.909,with at-statisticof -2.810.The 10 percentcritical valueis -3.130.
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in which the solveng ratio is held constantin the calibrationexercise,the predictedvolatility of
spreadss too low (around10 b.p.). In addition, using our bond pricing formula and calibrated

beliefs,but alwaysusingthe solvengy ratio of 2.5leadsto a standardieviation of only 7 b.p.

4.6 Credit Spreadsand the Timing of MacroeconomicRecessions

As seenin Figure6 creditspreadincreasaluringeconomiaecessionéseealsoDuf e andSingleton
2003). This might suggesthat a two stateobserable regime switchingmodelfor creditspreads
suchasin HackbarthMiao, andMorellec(2005)mightbeadequaté¢o capturemostof thevariation
in creditspread$® However, suchamodelprovideslimited succesin tting historicalspreadsthe
regressiorof the historicalBaa-Aaaspreadon the NBER recessiorindicatoryieldsan R 2 of only
9.6 percentwhich mightsuggesthatmacroeconomitactorsoverall play asmallrolein explaining
thetime variationin spreadsWe arguethatsucha conclusionrmight be prematureandin factthere
arecritical timing issuescapturedn our analysighatshav therelationshipto be strongemandmore
economicallysigni cant.

Our model builds an intertemporalrelationshipbetweenthe statesof in ation andreal eco-
nomic growvth — high growth ratesstatesarelessstablein higherin ation states— causingasset
valuationsto fall andcreditrisk to rise in suchperiods. In addition,the higheruncertaintyabout
futurerealshiftsimpliesthatinvestorswill reactmoreto news in the futureincreasingorecastf
volatility in thesestatesarelationshipthatis testedn David andVeronesi(2004). Schwert(1989)
documentghatvolatility is higherin recessionsBoth reasonsuggesthatour modelbasedcredit
spreadshouldpredictrecessionsA standardGrangerCausalitytestof the null hypothesisof our
modelspreadnot causingNBER recessionsvith four lagsyields an F-statisticof over 11 with a
p-valueof theorder10 &; which meansghenull of no causalityis stronglyrejected.The p-valueof

thereversetestis 0.69. In this sensepur modelspreadeadsrecessions.

16Their modelprovidessomekey insightsinto nancing anddefault policiesof rms throughthe businessycle. How-
ever, it is well known that market participantsareunsurein real time of the stateof the economy Therefore,it would be
hardfor rms to adjustleverageanddefault policiesin realtime asadwocatedoy HMM. The currentpaperexplicitly builds
in investors'uncertaintyof the stateof the economy Moreover, higheruncertaintyitself canaffect the level of spreadsiue
to highervolatility in thesetimes.
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5 Dynamic Implications of the Model

We breakup theanalysignto threeparts,explainingin turnthemomentuneffectsin creditspreads,
the predictability of corporatebondexcessreturns,andthe time variationin the sign of the risk-

returnrelationshipfor theseexcessreturns.

5.1 Momentum Effectsin Credit Spreads

It hasbeenrecognizedor a while thatinformationin the term-structureof interestratesis useful
in predictingfuturerealeconomicgrowth. For example,in the macroeconomickterature,Estrella
and Mishkin (1998) reportthat the inversionof the yield curve invariably leadsto a recessiorof
theU.S.economyIn nance, Glosten JagannathamndRunkle(1993) nd thatshortratespredict
volatility of stockprices,whichis alsoknown to becountergclical (seefor exampleSchwertl989).
Both ndings imply that creditrisk shouldincreasewith anincreasen the shortrate. However,
Duffee (1998)reportedthat the correlationbetweencontemporaneoushangsin shortratesand
creditspreadss negative. He alsoreportsthatthe longertermrelationshipbetweerievels of these
variablesis positive, but statisticallyinsigni cant. We male threecontrilutionsto this literature:
First,we shav thatthelongertermrelationshigs sensitve to thede nition of thespread— spreads
over Treasuriegatherthan spreadsover Aaa-ratedbonds. Second,we shawv that after a rise in
interestrates,spreadscontinueto increasefor up to two years. Therefore,thereseemso be a
momentumor underreactioneffect in corporatebondsspreads.Finally, we shav that modeling
investors'learningprocesf the stateof fundamentalsanjustify partof this prolongedreaction
of creditspreadshut alsois are ection of thewell known illiquidity of the corporatebondmarlket,
which adjustsslowly toin ation news.

Following Duffee (1998)we estimatea VAR for shortratesandcreditspreadsDuffee alsoin-
cludedtheslopeof theterm-structurén the VAR, but like him, we nd thatthesignof its long-term
relationshigsinsigni cantly differentfrom zero,andthereforedonotincludeit in ouranalysis.Let
T3M denotethethreemonthTreasunBill rate,andCSdenotethedifferencebetweerBaaandAaa
yields. Theestimate®f the VAR are:

T3M(t) = 36796+ 0:952 T3M(t 1) 0:084 CS(t 1); (28)
(2:055) (31:106) ( 0:438) R? = 0:893
CS(t) = 1197 + 0:032 T3M(t 1)+ 0:792 CS(t 1) (29)
(0:361) (5:659) (22:268) R? = 0:844
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wheret-statisticsarein parenthesesThereforea lag of the shortratehelps t the currentcredit

spreadwhile lags of the credit spreaddo not predictthe shortrate. Grangercausalitytests(not
reported)con rm this conclusion. Including additionallags in the speci cationled to little im-
provementdn the ts, andwerenotrequiredusingstandardag-lengthcriteria.

To studythelong termrelationshipwe studyimpulseresponsdunctionsandvariancedecom-
positionsgeneratedrom this model, and the resultsare plottedin Figure 7. If a changein the
shortratewereto indeedsignala changein creditrisk andthe market reactedmmediatelyto the
new information, thenwe would expecta signi cant responsen the rst following quarter and
aninsigni cant responsen following quarters.Panel(A) shavs thatthe estimatedesponsef an
orthogonalizene standarddeviation shockto the shortratein the rst quarteris a negative but
small,of about3 basispoints(b.p.). Fromthesecondo thetenthquartergheresponsearepositive,
cumulatingto over 50 b.p. over this period. The responsearestatisticallysigni cant asindicated
by thetwo standardieviation bandsof theseresponsesThe adjacenpanel(B) shavs thatshocks
to the shortrate explain about38 percentof the variationin the credit spreadover the following
tenquarters.Therefore creditspreadsanbe predictedfrom movementsn the shortrate,andthe
predictabilityincrease$rom the secondo thetenthquarterst’

The signi cant positive responsas at oddswith the analysisin Duffee, who usedthe credit
spreadde nition asthedifferencebetweerthe Baayieldsand Treasuryrates.We shav theanalo-
gousimpulseresponseandvariancedecompositionsisingthis alternatve de nition of the credit
spreadn Panels(C) and(D) and nd similar resultssimilar to his. The responseas signi cantly
negatie for the rst four quartersandturn positive by the tenthquarter but the latteris not sta-
tistically signi cant. Thevariancedecompositionshav thatpredictabilityof this spreadmeasure
declineswith the horizon. Theinitial negative responses consistenwith a slower initial reaction
to in ation news in the corporatebond market. As notedby Duffee, this relationshipholdseven
for bondsfree of optionsin theshortersample.Thedeclinein predictabilityof this spreadmeasure
alsore ects thesegmentatiorof thetwo marketsandpossiblyadditionalunpredictabléactorssuch
asepisode®f ight-to-quality andtax changeswhich areunrelatedo macroeconomi€actors.

We next examineif the impulseresponsesareindeeddueto the effect of changesn in ation
expectationsasopposedo othereconomicshocksthat rst impactthe shortrate. While we could
have displayedthe measureof expectedin ation from our model, we insteadreportthe results

simply by usingrealizedin ation. Theadwantageof simply usingrealizedin ation is thatit is free

"Onepossibilityis thatthelong livedresponsés dueto theembeddedall optionsin corporatéonds.While thisis hard
to rule out, we mitigatethis effect by taking the differencebetweentwo investmentgradeindexes, eachof which would
hold a similarembeddedalue.
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of modelmis-speci cationandlook-backbiasesdueto model tting. Panel(E) con rms thatthe
responsef creditspreaddo in ation shocksis positive andsigni cant, but reaches maximumat
aboutthe sixth quarter The variancedecompositiorshavs thatthe predictablecomponenof the
future creditspreads of a similar proportionto thatof the shortrate.

Finally, we askif this momentumin the spreadcanbe explainedby investorsgraduallylearn-
ing aboutthe underlyingstateof in ation asopposedo the corporatebond market simply being
inefcient in reactingto news. Indeedthetop left panelof Figure 3 shavs thatexpectedin ation
is smootherthanrealizedin ation, andthis learningis purely rational. We addresshe question
posedby tting theanalogoud/AR modelto the modelimplied shortrateandcreditspreadwvhich
weredescribedn the previous section.We generateahe model-basedaarateasexplainedin the
previous section.Panel(G) shawvs thatin our calibratedmodel,investorswould reactto a shockin
theshockratefasterthanin the data,with theresponseén the rst quarterof about10b.p., peaking
atabout11.5b.p. in thethird quarterandthendecliningdown to 6 b.p by thetenthquarter The
variancedecompositionn Panel(H) shawvs thatat the ten quarterhorizonthe proportionof thefu-
turespreadnovementdorecastabldéy theshortrateis 44 percentabout6 percenimorethanin the
data.Notably themodelimpliesthatthe spreadioesnotrespondo the shockimmediately:in part
the obsered momentumin the datacanbe rationalizedby learningeffects. However, the slower
reactionin the dataseriesis alsosomeevidenceof marlet inef ciencies. An implication of the
fasterresponsén our modelthanin the datais thatthe modelspreadeadsthe dataspreadindeed,
the p-valuefor the null hypothesisof the model spreadnot Grangercausingthe model spreadis
0.0001 while the p-valueof thereversecausalityis 0.737.

We endthis discussiorby returningto Duffee's obseration thatchangesn spreadsandshort
ratesare nggatively correlated. The ratesand spreadsn the four statesin our modelin Table 1
imply thatthe correlationcanswitchsignovertime. Transitionsbetweerthetwo mediumin ation
statesdo displaythe negative correlation,however, going acrossin ation regimes,nominalrates
andspreadsnove in the samedirection. Our discussiorabove impliesthatthe reactionof credit
spreadto incomingin ation news is sluggishasit canbe predictedby our modelspread.In the
data,if we take the correlationbetweenchangesn the currentspreadandthe one-quartetagged

shortrate,the correlationis indeedpositie.
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5.2 Predictability of ExcessReturnson Corporate Bonds

As with equitymarlets,thereis now accumulatingvidencethatcorporatebondreturnsare(atleast
partially) predictable Ourinvestigatiorninto recentesultson predictabilityis in largepartmotivated
by anempiricalresultin Elton, Gruber Agrawal, andMann (2001)thatreturnson corporatebonds

arerelatedto measuresf systematigisk, but unrelatedo measuresf defaultrisk. They write:

We tried actualchangegperfectforecastingandseveral distributedlag andleadmod-
els. None of the resultswere statistically signi cant or had consistentsignsacross
differentgroupsof bonds. Changesdn default risk do not seemto containary addi-
tional information aboutsystematiaisk beyond the information alreadycapturedby

the Fama-Frenchiactors.

An implication of the studyis that portfolio managersieednot worry aboutseparatelynodeling
creditrisk in portfolio allocationdecisionsincluding corporatebonds,but can malke as ef cient
choiceshasedn equity-marlet risk factors.

The hypothesisof this paperis that investors' learning of the statesof fundamentalgronth
simultaneouslyeadsto time variationin therisk of default andexpectedreturnson all securities.
Themodelimpliesthattherisk premiumson corporatebonds uctuate with investors'uncertainty
andthuscanpotentiallyexplain thedynamicor time-variationin expectedreturn. We recallthatin
ourmodelmarlet pricesof risk areconstantsoary predictabilityis arisingpurelyfrom thevariation
in the amountof risk. Thetwo-shockstructureof our modelhassomeadditionalimplicationsfor
thetrade-of betweerrisk andreturnin our model,which we studyin the Section5.3.

We obtainquarterlyrealizedreturnson threeinvestment-gradeehmanBrothersindexesfrom
1973to 1998.Expectedxcesgeturnfor abondof agivenratingcateyoryis calculatecas p r =

p(Zy; ;4 T) & ; where p(; ) isasin Corollary2, andthesolveng ratio Z; is calculatedas
in Section4.4 startingwith Zg = k: Thelongrun solveng ratiok is 2.5,3,and4.7 for theindexes
ratedBaa,A, andAa respectiely (seeHuangandHuang2003).

Formal testresultsfor the time-variation in expectedreturnsare provided in Tables2. We
provide two setsof results:the rst with contemporaneousdependenvariables(left panel)and
laggedindependenvariables(right panel). We begin our discussiorwith the contemporaneous
case. The rst nding in Table 2 is that the model-basedxpectedreturn on bondshashighly
statisticallysigni cant coefcients in explainingrealizedreturnsin the currentquarter(lines 2, 5,
and8). In eachcasethe p-valuessuggesstatisticalsigni cance at the 1% level. The R? range

from 12.9%for Aa-ratedbondsto 15.6%for Baabonds,thatis predictabilityincreasegor bonds
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with higherdefault risk. To put thesenumbersin perspectie, we compareour resultswith those
in Elton et al., who usethe Fama-FrenchFF) factorsasregressors.Thesefactorsprovide higher
R?s of betweer25 and 31% for the threeindexes. We notethat we presentesultsfor quarterly
returns,while Elton et al reportedmonthly returns,accountingfor the slightly higherR ? reported
hererelatie to their paper Interestingly whenwe combinethe regressorswe nd thatall remain
statisticallysigni cant, andthe R? now rangebetweer31 and40 percent.As notedaborve, Elton
et. al. wereunableto improve the ts by addingseveralmeasuresf defaultrisk.
Formaltestresultsfor thetime-variationin expectedreturnsareprovidedin Table2, wherewe
regressreturnson differentbondindexeslessAaaindex returnson the one-quartetaggedmodel
basedexpectedreturn. Using Aaareturnsasopposedo Treasuryat leastpartially accountdor the
returnon liquidity andothersegmentationissuesfor which our modelhasno prediction.In brief,
for BaaandA ratedbonds,the modelbasedexpectedreturnis alwayssigni cant, while the rst
andthird FF factorsaregenerallynot. The modelbasedexpectedreturnsexplain about6-7 of the
variationin excesgeturnsonequarteraheadwhile the FFfactorstogethemrexplainaboutl1percent.
Interestingly whenwe combinetheregressorswe nd thatall remainstatisticallysigni cant, and
theR? arecloseto additive. As notedabave, Elton et. al. wereunableto improve the ts by adding
severalmeasuresf defaultrisk. Interestinglyfor the Aa ratedbonds noneof theregressorss very
usefulfor prediction,andanunderstandingf returnsfor thesebondsremainsa puzzle.
Theliteratureon predictabilityof returngs vast,andwe make thefollowing summarycomments

to addressomeimportantissueghathave arisen.

1. The predictabilityregressionave reportarefor one-quarteeheadandarenotlong-horizon
regressionslt hasbeennotedthatthe R? typically increasesvith horizon,but is likely biased

dueto theoverlappingobserationsproblem(Kirby 1997).

2. Thebetaestimatedave abiasif theregressorarehighly persisten{Stambaugi999). The
autocorrelatiorparameteiat the quarterlyfrequeng of the model-basedxpectedreturnis

only around0.78,andwould likely causea smallbias.

3. Several authorshave found fundamentakatios such as the dividend yield to provide pre-
dictability for stock returns(see,for e.g. Campbell,Lo, and MacKinlay 1997). We tried
variousfundamentaratios and found low R?s of the orderof 1-2 percentat the quarterly

frequeng.

4. Several authorshave found thatin ation-related variables,suchasthe shortrate, the slope

of the term-structureand laggedin ation itself predictsreturns(see,for e.g. Fersonand
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Harvey 1991,BoudoukhandRichardsorl993). Thethreevariablestogethemrovidea t of
around3-4 percentwhich is signi cant but not ashigh asby our model. Their signi cance
is not surprising,sinceinvestors'beliefsare calibratedto thesevariables. Our contritution
is to explicitly modelthe role of thesemeasuresn forecastingdefault risk, andto testthe

implicationsfor expectedreturnsthroughanequilibriumstructuralform model.

5. In recentwork, Baker, Greenvood, andWurgler (2003)reportthat measuresf the maturity
of debtissuesredictreturnson corporatebondsat anannualfrequeng. We constructedhe

samemeasuredyut did not nd signi canceatthequarterlyfrequeng.

5.3 The Tradeoff BetweenRisk and Return on Corporate Bonds

The sign of the risk-returntradeof is perhapghe mostfundamentalssuein nance. The profes-
sion asa whole disagree®n the sign of the relationshipfor stocksor whetherit is a statistically
signi cant relationshipat all; for example,Glosten JagannathamndRunkle(1993)andWhitelaw
(1994)supporta negative relationshipwhile Scruggg1998)andHarrisonandZhang(1999) nd a
positive relationship.Thelattertwo papersalsoprovide extensie lists of referenceshatdocument
signsin differentdirectionsandinsigni cant relationships.We take this debateover to returnson
corporatédbondsand nd thattherelationships time-varying. Our modelis ableto shedsomelight
ontheobsenredvariationin differentsub-samplesf our data.

With a constantarket priceof risk in aoneshockmodel,the Sharpeatiowould bea constant,
andthereis sufcient empiricalevidenceto rejectthis hypothesidor differentassetclasses.The
implication of all assetpricesrespondingto two shocksis that the risk-to-revard ratio is time-
varying. TheSharpeatiofor bondreturnsconditionalon theassetwalueto debtratio andinvestors'

beliefsattimet is givenby

p(Ze; tT)

B . . e —
Ze ctT)= ! L
(26 vt T) ir S

; (30)

where p( ;) isthevolatility of thebondwith respecto thetwo shockss givenin Corollary2. As
seenn Tablel, u.1 < Oand ym.2 < 0. Also notethatthevolatility of thebondpricewith respect
to thein ation shock,the rst elementof p(Z;; ¢;t; T) is negative, while the secondelementis
positive. Thisfollows from thesignsof thevolatility of the rm' sassewvalueprocessn Proposition
3 (it is straightforvard to verify from Tablel thatthein ation andV/E statevectorsarenegatively
relatedasis neededn this proposition),andfrom Corollary1 (i), whichimpliesthatthebondprice

isincreasingn thesolveng ratio. Finally, thevolatility with respecto thekernelshockis negative,
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but for the calibratedoarametersve nd it smallandexplainsanaveragerisk premiumof only -0.3
percentsowe will excludeit from furtherdiscussion.

Thesignsof themarlet pricesof risksandtheir volatilities togetheimply thattherisk premium
associatedvith in ation shocksis negative and with earningsshocksis positive The negative
covariancebetweerexpectedin ation andexpectedreturnsfor stockshasbeennotedby notedby
several authors(for e.g.Famal1981,Stulz 1986). While our modelis not consumptiorbasedpur
interpretations thatpositve shocksto in ation occurduring periodsof weakearningsggrowth and
thereforeinvestorsare willing to accepta negative risk premiumto bearthem. Positve earnings
shocksoccurin periodsof strongreal fundamentalsandinvestorsthereforerequirea positive risk
premiumto bearthese.Due to the differing magnitudeof the two market pricesof risk andtime-
variationin thetwo volatilities, therisk-to-revard ratiowill vary overtime.

We startby examiningtherelationshipn thedatafor Baa-ratedonds.We foundsimilar results
for the otherrating categyories. Following the analysisin Glosten, JagannatharandRunkle(1993)
we t thefollowing EGARCHmMmodelthatusesn ation to forecasfutureexpectedeturnsonbonds:

X4
I + qlogh;y 1+ p(ve pi  Ejvt pi+ WVt p); (31)

p=1
re = + 0in ¢ 1+ ¢ (32)

log h¢

wherein ; is quarterlyin ation att: As notedin the previous subsectionsubstitutingin ation in-
steadof expectedmodel-basedeturnsalsoprovidessufcient predictive power for bondreturns.
The speci cation exploits the “leverageeffect' for forecastingvolatility; if 1 < < 0; thena
positive returnshockincreasesolatility by lessthananegative shockwhile < 1impliesthata
positve shockreducewolatility. In addition,we usefour lagsof pastreturninnovations.We t this
modelseparatelyor the threedecade®f the 1970s,1980s,and 1990s,aswell asthe full sample
of 1973-1998:JFor which returnsdataare available. The chosenspeci cation providesgood ts
for eachof the sub-samplesonsideredwhich we testfor with standardliagnostidestsfor volatil-
ity models. We notethat Glosten,Jagannathargnd Runkle (1993) usedshortmaturity Treasury
returnsto forecastvolatility aswell asreturns. We found similar resultsusing Treasuryratesas
well, althoughthe resultswith in ation wereslightly betterusingsimple diagnosticmeasuresin
addition,althoughour speci cationdoesnot directly usein ation to predictfuturevolatility, in a-
tion and currentperiodreturnsare strongly negatively correlated,andreturnsare usedto predict
volatility. Finally, we do notusethe EGARCH-M speci cationthatincludesthe volatility forecast

in the expectedreturnequation.As shavn by Scrugggq1998),in the presencef otherforecasting
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variablesthecoefcient of volatility capturesnly the partial relationshipbetweerrisk andreturn,
orin otherwords,this methodof identi cation suffersfrom the omitted-\ariablesproblem.Instead,
we presenta measureof thetotal relationshipwhich is the correlation, ; betweentted expected
returnsand tted volatility from theabore model.

Theresultsof theseestimationsreprovidedin thetop panelof Table3. We male thefollowing
obserations: First, the coefcient < 0in eachof the subsamplesothatin ation andexpected
returnsarenegatively relatedaswe foundin our analysisin the previous subsection.Secondthe
parameter is alwaysnegative, con rming theasymmetrigelationshipbetweerreturnsandfuture
volatility is truefor corporatebondreturnsaswell, andis smallerthan-1 in the 1970s.Third, the
diagnosticchecksshav thatthe residualsfrom the ts arenot autocorrelatedandfor eachof the
subsamplesreneitherskewednor have fattails. For thefull samplethep-valuesfor theskewness
andkurtosisare 7-8 percent,suggestinghatthe t for the full sampleis not asgoodasfor the
individual decades.Finally, and mostimportantly ; which measureshe sign of the total risk-
returntradeof changesignovertime. As seenjt wasstronglynegative in the 1970s Jessnegative
in the 1980sandpositive in the 1990s.Full thefull samplethe correlationis negative.

We next askif our modelshedslight on this unstablerelation betweenreturnsand volatility.
Expectedexcessreturns  (Z¢; ;t; T) wm; andvolatility jj (Z¢; ¢;t; T)jj areonceagain
calculatedfor the calibratedmodel as explainedin the previous subsection. The resultsfrom a
simpleregressiorof returnon volatility areshavn for thefour decadesindfor thefull samplefrom
1958-2001in the bottom panelof 3. The coefcient is negative for the full sampleaswell as
for eachof subsamplesexceptfor the 1990s. For the 1980s,the relationshipwas more negative
thanimplied for the reducedorm estimationabove, but the signsagreein eachof the subsamples.
Intuition for theresultis quitesimple.In themodel,changedn expectedeturndepend®nwhichof
thetwo componentsf volatility changesnore. The 1990swasthe only decaddor which volatility
from the real shockvaried morethanfrom the in ation shock,and sincethereis a positive risk

premiumfor bearingthis shock,thetime-serieselationshipbetweerrisk andreturnwaspositive.

6 Conclusion

We study ve puzzling stylizedfactsof credit spreadsandrisk premiumson corporatebondin-
dexes: Bond spreadseemto be higherand morevolatile thanwhat canbe justi ed by the risks
of default, they exhibit a positve andslow responsdo shocksto shortinterestrates,expectedre-

turnson corporatebondindexesexhibit signi cant time variationwhich appeamnotto berelatedto
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measure®f expecteddefault, andtherisk-revard relationshipon theseindexes changesign over
time. The paperprovidesa novel approacho incorporatenvestors'uncertaintiesf in ation and
realfundamentafrowth into a standarccreditrisk framework. A carefulcalibrationof our model
shaws that investors'learningof the hiddendrifts of theseprocessis the key to resolvingthese
stylizedfacts.

Calibrationsof the modelshav thatthe assetvalue-to-earningsatiosof rms arehighin low
in ation andhigh growth statesHigh growth is unstableoncein ation picksup causingvaluations
to fall rapidly. This is the signalingchannelof in ation. Thereforethe chanceof future default
is higherin higherin ation statescausingcreditspreadsandinterestratesand othermeasure®f
in ation expectationgo move together Firmssolveng ratiosvary with assewaluationsandcause
large time variationsin creditrisk. Indeedthe averagespreadproducedby the modelis about60
percentargerthanthespreaccomputedattheaveragesolveng ratioby severalauthors— thecredit
risk corvexity effect. The negatve relation betweenassetvaluationsandvolatility enhanceshis
corvexity, causingspreadso increasea further 50 percent.Sincelearningaboutdrifts is gradual,
investorsslowly changetheir estimatesof credit risk following rate shocks. In periodsof high
uncertainty assetvolatilities increase and dependingon the compositionof shocks(real versus
in ation) they demanda higheror lower risk premium. The measureof expectedreturnbaseds
ableto increaseheexplanatorypower of the Fama-Frenchisk factorsby afurther60 percent.This
is particularlyimpressie sinceothercreditrisk informationprovidesnegligible explanatorypower
for returns.Thelow incidenceof in ation shocksn the 1990simplied thattherisk-revardrelation
was positive in this decade.However, the re-emegenceof oil shocksandin ationary pressures
suggestshatthe signmight switchyetagainin the currentdecade.

A naturalextensionof this paperis to take the implicationsfor spreadgo individual rm level
data.lt holdspromisesincerecentwork by Duf e, Saita,andWang(2005)hasrevealedthatinterest
ratesare highly signi cant in predictingdefaults evenin the presenceof several key explanatory

variablessuchasleverageratios.
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Tablel: 4-StateModel Calibration

States 1 2 3 1 2
0.0133 0.043 0.093 -0.090 0.051
(0.003) (0.004) (0.005) (0.014) (0.020)
Volatilities Q1 Q2 E:2
0.017 0.002 0.112
(0.001) (0.000) (0.009)
GeneratoElements 13 21 23 24 32 42
0.039 0.111 0.114 0.285 0.110 0.300
(0.003) (0.004) (0.003) (0.007) (0.012) (0.018)
PricingKernel 0 M1 M :2 M:3
-0.206 0.826 0.351 -0.076 -0.536 0.137
(0.001) (0.023) (0.046) (.040) (0.100) (0.021)
GMM Error Value( ?(6)): 9.23 P-Value:0.161
Implied QuarterlyTransitionProbabilityMatrix Implied Annual TransitionProbabilityMatrix
(LI-HG) (MI-LG) (MI-HG) (HI-LG) (LI-FHG) (MI-LG) (MI-HG) (HI-LG)

(LI-HG) 0.995 0.000 0.005 0.000 (LI-HG) 0.981 0.000 0.019 0.000
(MI-LG) 0.026 0.883 0.027 0.064 (MI-LG) 0.087 0.632, 0.089 0.192
(MI-HG)  0.000 0.023 0.977 0.000 (MI-HG) 0.003 0.074 0.914 0.007
(HI-LG) 0.000 0.072 0.000 0.928 (HI-LG) 0.009 0.215 0.010 0.765

Implied StationaryProbabilities V/E Ratio,3-MonthTreasuryYield
5-YearTreasuryYield, Slopeof Term-StructureandCreditSpreads

State Ci i;25 i5 i5 i;25 S(Zt = 25)
(LI-HG) 0.493 25.449 0.031 0.034 0.030 0.003
(MI-LG) 0.101 11.827 0.046 0.070 0.024 0.020
(MI-HG) 0.337 13.333 0.090 0.085 -0.005 0.015
(HI-LG) 0.067 8.964 0.141 0.105 -0.036 0.025
Thetop panel reportsSMM estimateof the following modelfor CPI, Q¢, realearningsEg;; and
therealpricing kernel,My : do
t
-— = dt + dW;
Q t AR
dE
E—tt = pdt + g dW;
dM,
— = kidt + W ;
M, td m dW;
where, o = (@1 ©2,0), € = (0 £2;0); m = (M1} M2y m3)ike = o+ ¢+

t; ( t; t); follows a four-stateregime switchingmodelwith the generatomatrix ~ whose
non-zeradiagonalkelementsareshovnas j; : Thepricingkernelis obseredby investorsbut notby
theeconometricianAssetsarepricedusingtheformulasin Propositionl. Estimatebtainedrom
dataonthefundamentalaswell six nancial variablesusingthe EM-SMM methodologydescribed
in Appendix2. Standarcerrorsin parenthesisThe middle panelsreportthe quarterlyandannual
implied transition probability matrix betweenthe four states. Rows may not sumto one dueto
rounding.Thebottom panelreportsimplied assepricesfor the calibrated.The V/E ratioandbond
yieldsarecomputedasshownn in Propositionl. Spreadgor defaultablebondsof maturity 10 years
arecomputedising(22), usingtheconditionalsolveng ratioin statei asZ; = (C;)=(C )k (see
FootnotelOfor anexplanation). 42



Table2: CorporateBond Excess-ReturiRegressions

No. Constant p(t 1) FFi 1 FFyx 1 FF3 1 R?

Baa- AaaReturngt):

1 0.0450 0.051 -0.016 0.023 0.117
(0.386) (2.022)  (-0.514) (1.351)

2 0014 1762 0.068
(0.110)  (2.526)

3 00450  0.657 0.051 -0.016 0.023 0.171

(0.226) (2.212) (1.991) (-0.421) (1.253)

A - AaaReturngt):

4 0015 0.024  -0.006  0.007 0.112
(0.111) (-0.228) (1.735) (-0.464)

5 -0034 1291 0.057
(-0.512) (2.797)

6 -0032  1.106 0.009  -0.004 0.004 0.164

(0.432) (2.106)  (-0.143) (1.841) (-0.239)

Aa- AaaReturngt):

7 T0.004 (0.004)  (0.001) (0.006) 0.011
(0.123) (0.628) (0.235) (0.841)

8 -0.007 0396 0.014
(-0.169)  (1.915)

9 0004 0356  (0.003) (0.001) (0.003) 0.019

(0.071) (1.819) (0.541) (0.131) (0.411)

Thetableregressiorreportsresultsfor returns(in b.p) of intermediate-terncor-

poratebondindexeslessthe returnson the Aaaindex on expectedreturnsfrom

theuncertaintymodelintroducedn this paperandFama-Frenchisk factors.Cor

poratebondreturnsfor indexes(in percentag@oints)for eachratingcateyory are
obtainedfrom the LehmanBrotherFixed-IncomeDatabase Expectedexcessre-

turnismeasureds p(Z¢; 1;t T) 3;where p(; )isasin Corollary2,and
thesolveng/ ratioZ; = (C ) E; Qt:DtQ; startingwith Zo = k; andnomi-

nal debt,DtQ grows asin Assumption6. Thelong run solveng ratiok is 2.5,3,

and4.7 for theindexesratedBaa, A, andAa. The calibratedbelief seriesf g

areshawn in Figure2. The variablesF F;(t), FF2(t), andF F3(t) denotethe

factorsmarket-excessreturnsover T-bills, the small minusbig rm factor, and

the high minuslow book-to-marletfactorrespectiely. T-statistics(in parenthe-
sis)areadjustedor heteroskdasticityandautocorrelatiomusingthe Newey-West
procedureThesymbols denotesstatisticalsigni canceat5%level.
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Table3: Risk-ReturnRelationshigfor CorporateBond ExcessReturns:DataandModel

Estimateof ExponentialGARCH Model for QuarterlyBaaMinus AaaReturns

ConditionalVariance ———ConditionaMean—- —Diagnostic—- Output
! 1 1 2 3 4 L-B Sk. Kr.

1973-1979 0.808 -0.967 -0.006 -0.016 0.074 0.271 -2.962 0.956 -0.068 15944 1759 0.720 -0.343
(0.173) (0.003) (0.001) (0.027) (0.030) (0.035) (0.626) (0.101) (0.117) [0.317] [0.384] [0.396] (0.032)

1980-1989 3.348 0.039 -0.748 -0.331 -0.151 -0.390 -0.546 2.134 -1.257 25.691 -0.285 -0.360 -0.062
(0.086) (0.020) (0.027) (0.024) (0.030) (0.017) (0.006) (0.034) (0.046) [0.593] [0.593] [0.549] (0.028)

1990-1998:3  1.542 0.444 -1.087 0.156 0.166 -0.161 -0.184 2.923 -0.144 16.822 -0.370 0.208 0.129
(0.090) (0.027) (0.073) (0.029) (0.046) (0.025) (0.025) (0.021) (0.025) [0.544] [0.543] [0.648] (0.031)

1973:1-1998:3 1.832 -0.039 -0.300 -0.033 0.238 0.176 -0.179 1.345 -0.470 26.153 -3.191 3.279 -0.077

(0.101) (0.007) (0.122) (0.026) (0.055) (0.026) (0.087) (0.061) (0.036) [0.074] [0.079] [0.084] (0.029)

Model-Generate®Risk-ReturnRegression

R2

1973-1979  0.165 -4.984 0.168
(0.015) (2.171)
1980-1989  0.261 -3.502 0.049
(0.021) (2.054)
1990-1998:3 0.007 4.725 0.672
(0.019) (0.571)
1973-1998:3 0.162 2.890 0.019
(0.014) (2.039)

Thetop panelreportsparameteestimate®f thefollowing ExponentialGARCH Model for quarterlyexcessreturnsof Baa-ratecbondsoverthree-monthiTreasury
Bills: X
loghy = !+ iloght 1+ p(Ve pl  Ejvt pj+ Vi p);
p=1
e = + Ny 1+ ¢

wherein  is quarterlyin ation att: Onequarterlaggedin ation, Q; 1; is usedto forecastexpectedreturnsfor time t: Standarderrors(for all estimatesand
p-values(for diagnosticstatistics)arein round and squareparentheseggspectiely. The acrorymsL-B, Sk.,andKr. arethe Ljung-Box teststatistic,andthe
sampleskewnessandkurtosisfor the residualsfrom the tted returns. The outputparameter is the samplecorrelationbetweenexpectedreturnsand volatility

generatedrom this model. Thebottom panelreportsthe estimategrom a singlelinearregressiorof modelexpectedexcessreturnson modelvolatility of returns.
Expectedreturnsandvolatility arecalculatedasshovn in Corollary 2 andat periodt arecalculatedusingthe Itered beliefatt ; shawvnin Figure2. T-statistics
arereportedn roundparenthesisandareadjustedor autocorrelatiormandheteroskdasticityusingthe Newey andWest(1987)procedure.



Figurel: StylizedFactsMotivated

Short Rate and Credit Spread
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Thetop panel shovstime seriesof Moody's Baa- Aaayield spreacandthe3-monthTreasunyBill rate. Thelatterhasbeen
rescaledThebottom panel shavstime seriesof thesolvengy ratio, Z; for a rm with anaveragesolveng ratio of 2:5; The

solveng ratio de ned asthevalueof a “representatie” Baa rm' s assetslivided by thefacevalueof its debtoutstanding,
Z, = (PE + D{P;)=Dy: The value of equity is approximatedas P ; the value of the S&P 500, the price of debtis

P = e Y™, whereyP 2 is Moody's Baaaveragebondyield, andD. is anapproximatiorof theliabilities of Baa-rated
rms. Thegrowth of D; eachquarteris the averagegrowth rateof liabilities of all non- nancial rms in Compustafrom

1975:Q2- 2001 (prior datais notreliable). The debtlevel atthe rst dateis adjustedo matchthe solveng ratio implied

from our analysis.A seriesin which debtgrowth andbondpricesare from our calibratedmodel, but with market equity

valuationsfor the samplefrom 1960-2001is alsoshavn, which is backed out from equity and Treasurymarket valuations
usingageneralizatiorof Moody's KMV methodology ShadedireaddenoteNBER datedrecessions.

45



Figure2: ConditionalProbabilitiesof Four Stateg1957-2001)
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We display the time seriesof ltered probabilitiesof investorsof the four possibleunderlyingstatesobtainedusing the
SMM methodologyin Appendix2. Thestatesarenumberedas( 1; 2);( 2; 1).( 2; 2);and( 3; 1); wheretheparamter
estimatesrein Tablel.
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Figure3: FundamentaandFinancialVariables:EmpiricalandModel Fitted (1957-2001)
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We displaythetime seriesof nancial andfundamentalariablesseriesusedin the SMM estimatiorof themodel,andtheir
tted values. The calibratedvalue of the parametersreshowvn in Table1. The ltered beliefsseriesof investorsusedto
generatdhe tted valuesare shovn in Figure2. As a measureof the t of our modelto the datawe provide the R? of
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the following regressiong/(t) =
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+ x(t) + (t); wherey is the variableunderconsideratiorandx is its expected
valuebasedon model: In ation — 68.9%,Earnings— 17.5%,V/E Ratio— 49.8%,3-Month Treasury— 50.4%,1-Year
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Figure4: ConditionalRisk-NeutralProbabilityof Defaultin the Four Stateq1957-2001)
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This gure shavstheprobabilitiesof defaultatthe 10-yearhorizonfor differentvaluesof the rm' slong-runsolveng ratio,
k; andconditionalon the investorknowing with certaintyeachof the four statesof fundamentalsStatel, low in ation -
high growth, State2, mediumin ation - low growth, State3, mediumin ation - high growth, andState4, highin ation -
low growth. Thedefaultprobabilitiesarecomputedasin - 2(Z; ¢;t; T) in Propositions, wherethe solvengy ratio in state
iiszZj = (Cj)=(C ) k (seeFootnotel0 for anexplanation).

Figure5: The Corvexity Effect of Solveng/ Ratiosandthe CreditSpread$Puzzle
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The left panel shows credit spreadgor bondswith 10 yearsto maturity assumingan assetvolatility parameteiof 21.9
percentandbankrupty costsof zeroin the Black-Scholes-Mertomodelasshavn in Footnotell. Theright panel shovs
the corvexity premiumde ned asthe ratio of the averagespreadin the four statesto the spreadat the averagesolvengy
ratio of 2.5. The averagespreads calculatedusingthe solvengy ratiosin the four statesde ned asZ; = C;=(C )2:5
(seeFootnotel0) wherethe V/E ratios,C; andstationaryprobabilities, arein in thebottompanelof Tablel. Usingthe
formulawe obtainsolvengy ratiosof 3.34,1.60,1.80,and1.24in thefour stategespectiely.
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Figure6: Moody's Baa- Aaayield spreadcandits Model Basedvalue(1959-2001)

The plot shavs time seriesof Moody's Baa- Aaayield spreadandits modelbasedcounterpartModel spreadsrecalcu-
lated usingthe “through-the-lusiness'cycle approach:The spreadat time t is generatedisingthe calibrated ; seriesas
s(Zt; ;1 T) in eq. (22), wherethe calibratedsolvengy ratio seriesf Z;g andbelief seriesf (g areshavn in Figuresl
and2 respectiely. Themodelseriesexplains65 percenof thevariationin thedataseriesor thefull sample.It explains54

and72 percentof thevariationin the rst andsecondchalvesof the samplerespectiely.

Figure7: ImpulseResponsé-unctionsandVarianceDecomposition®f Credit Spreadso ShortRate
andIn ation Shocks
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Impulseresponseandvariancedecompositionsre obtainedby estimatingbi-variate rst-order VARSs of eitherthe short

rate or in ation andthe relevant credit spread(in that order). T3M and T10Y standfor 3-monthand 10-yearconstant
maturity Treasuryrates,andin . standsfor CPI in ation. The impulseresponsesre to orthogonalizedone-standard
deviationinnovationsin the rst variable. Two-standardleviation boundsarealsodisplayedfor theimpulseresponses.
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Appendix 1:

Proof of Proposition 2. Letig = (1;0;0); ig = (0;1;0); andiym = (0;0;1): Theseareuseful
sincewe canwrite g = ig ; for example.Noticethatthefollowing covarianceshold:

dEdQ® = EQ o &

did? = (i )% 0 (G g
dEd P = Eeg X; ) idi=(; ) iE;
dQd ? = Qo o Dadt= (i ) Q

P
(a) RecallthattherealassetwalueV; = ( iN=1 Ci i) E¢. Hencefrom Ito'slemma:

X X X
dv = Ci i dE+E Cd;+ CidEd?
i=1 i=1 i=1 |
Gl 1iy, MGyl N9 v, “hc i Dy
= VvV di+ gdiv+ —P—‘l Lt + —1=1 't(;l + Bt
L1 Ci | | iz1 Ci i iz Gi i
PN (0 A PNC...—o(gl'
iz1 Ci i iz1 Ci i iz1 Ci i
Using(13)wecanwrite, C= 1+ diagk )C C g wm: Thereforethedrift equals
PN Py _
v ( t) — _+ i:bCI I(kl |) M g_'_ i:léil |( | ) (34)
iz1 CGi i i1 Gi i
P N
_ iz Gi ki Lo L.
= PR = E ~
L Ci i Cit

P
TurningnoNtothenominalvalueprocessrecalIthatthenominalasset/aluevtQ = ( iN=1 Ci i)QtE:.
Hencefrom Ito's lemmaandthe characterizationf the fundamentaprocessesndertheobsered
ltration (10),dVQ =

X X X X X
Ci i(QE+ GCj iEAQ+EQ Cid i+ GCi idEdQ’+E Cid idQ°+Q Cid ;dE®
i=1 i=1 i= i=1 i=1 i=1

N ) )
= VO[dt+ gdiv + dt+ odiv + —F'Fll\lc'#dt]

P _ N - P _
C NG NG
P P i=1 Ci i i=1 “i
= Vve T+ 7 4+ E(%"‘P C + iNziibC' i (i )+ |1\C| i ) dt
iNzl G IiNzl Ci i i=1 Ci i
"Ng (GO
+ VQ E+ Q + =1 J"‘ dw
|1 G i



Now usingthede nition of v ( ¢) from (a),andthefactthat( 9 * &= ( 9 * % = iQ;the
drift equals

PN
B0 (0= (0 w0 (0+ e e 2B LI )
i=1 “i i
andclearly 8( t) = v( t)+ q;whichcompletesgheproof.
(b)By eq. (34) we have
P ik k(b
v+ (0 k(9= 2Pty
i=1 Ci i
From (33) we have
P P _
0 _ 0 .Nlc.H,t(. (Y9t o, 1 Gk K(1).
vit) m= E M M E mt P ;
| 1 Ci it i1 Gi it

which proves that the relationshipfor the real risk premiumholds. Using it and (35) we have

200+ (0 (v

PN
= v+ (1) k(od+k(e r(o+ «()+ € g+ Ilgl I((I: .(t))
i=1 i
= vd N3t vd= (ot Wwm @%= %

which establisheshe relationshipfor the nominalrisk premium. lJ\lote thatin the secondequality

weusedr( )= k( )+ ()+ N yand v 3= g 3+ 5 O l.(C: I(t)).

Proof of Proposition 3. Folllgwmg the notationin Veronesi(2000), welge ne thevaluewelghted

probapiliies ; = (i C:)=( j=, ;C;):Noticethat0 ;  Land iLy j = 1 Furtherlet

= JNl j j;andsimilarlyde ne :Then,theassetolatilitiesin (33) canbewrittenas

_ ( ) Q2
\?;1 = qQut

Q1 Q1 E;2
Ve = (a2t ep)+
E;2

o _ ( ) M1 ezt (kK K) g1 et ( )(mM2 o1 M1 Q2
Vi3 T

M;3 Q;1 E;2

Now giventhe statedconditionson the drifts andthe vectorC,; ; and ; andif all the
volatilities arepositive (notethat .1 = 0), then v1 g1 and v2  0;andby S,z vt g
we getthesignson therealvolatilities asclaimed.

Proof of Proposition4.
The marlet price of risk for ary statevariableis given by the negative of its covariancewith
the real pricing kernel of the economy Therefore,usingegs. (7) and (11) we obtain i( {) =
Cov(d it; M) = w(w ¢ (9 ' Q:Usingthefactthat v = (im ig) ; where
im = (0;0,1)%iq = (1,0,0%andr; = ki+ i+ n g;providesthestatemenin theproposition.



Proof of Corollary 1.

(i) We appeato Theoremsl and2 in Begman,Grundy andWeiner(1996). Thesolveng ratio
dZ; = ( J( ) r()dt+ Jdw; andbeliefsin (6) have the samestructureasegs. (2a)and
(2b) in their paper Notably differentthough,the beliefsare N -dimensional while their general
statevariabley wasof singledimension. However, the authorsexplain their resultsare valid for
the casewheny is a vector The crux of the proof is that, subjectto certainregularity conditions
veri ed below, for givenrealizationsof the innovationsf Wsg; andhencef ¢g; fors 2 (t; T]; the
risk-neutralizedsolvengy ratio processn (19) satis esthe "no-crossingproperty thatis startingat
ahigherlevel for Z; wouldyield a highersolveng ratio at maturity

Thepayof atmaturityof thedefaultablebondis anincreasingandconcae functionof Z 1 : The
bondpricewill beanincreasingandconcae functionof Z; if (a) i( ) and i( ); thedrift and
volatility for the conditionalprobability of statei fori = 1 N donotdependonthelevel of Z;
and(b) the covariancebetweerpercentagehangesn Z; andeachconditionalprobability process,

3 i( 1)°doesnot dependon thelevel of Z;: Thesesufciency conditionsareeasilyveri ed for
eachupdatingprocessn (6), andthevolatility of Z; in (16).
(i) To establishthe corvexity of the spreadet g(x;y) = log(f (x;y) ¥T); wheref (x;y) is

a positive function of scalarx anda vectory of dimensionN ; with @fo(zﬁ < 0: Then, %?((X) =

2
4, 2 f d@;‘; > 0: It follows from (i) thatthe creditspreads corvex is Z;:

Appendix 2: EM-SMM Estimation of the Regime Switching Model

In this Appendix,we provide the detailsof the SMM estimationthat usesinformationin both
fundamental&nd nancial variablesto estimatethe parameteraluesandtime-serieof investors
beliefsaboutthe hiddenstates Our procedureaccountdor thefactthe underlyingprocesgor fun-
damentalgollows a continuougime model,but is obsered at discretepointsof time (quarterly)8
It alsoallows for thefactthatthe econometriciambseresdataonly onfundamentalsvhile agents
in additionobsere their pricing kernelaswell andupdatetheir beliefsaboutthe stateof fundamen-
tal growth.

Sincefundamentalgsrestationaryin growvth rates we startby de ning logsof variables:y =
log(Y2t); m: = log(M¢): Using(10) and(3) we canwrite

dy = (B0 (o % e 2Id+ Haw; (36)
dme = ( k( o) %M o)dt + g dW: (37)

It isimmediatethatinvestorsbeliefs ; completelycapturethe stateof the system(y;; my) for fore-
castingfuture growth rates.The speci cationof the systemis completedwith the belief dynamics
in (6).

The econometriciarhasdataseriesfy, ;yt,;  ;Yic ‘g Let  bethe setof parametersf the
model.We startby specifyingthelik elihoodfunctionoverdataonfundamentalsbsereddiscretely
usingthe proceduren the SML methodologyof Brandtand Santa-Clarg2002). SeealsoDuf e
andSingleton(1993).Adaptingtheir notation,let

K
L() PVt Vi) = P( o) PVt Yiotketl totis )
k=1

Bpjoneeringvork in this areais in Ait-Sahalia(2002).



wherep(Yt,,,  Ytotk+1) titks ) is the maginal densityof fundamentalsat time ty.; con-
ditional on investors'beliefs at time ty.: Sincef g, fork = 1, ;K is not obsered by the
econometricianye maximize

z z

E[L()] = LO Qo o 0 w)d aid g 5d s (38)

wherethe expectationis over all continuoussamplepathsfor thefundamentalsy:; suchthaty;, =
yt,.; k=1, ;K:Ingenerahlongeachpath,thesequencef beliefsf ¢, gwill bedifferent.
Asa rst stepweneedto calculatep(yt,,, Yt.:tk+1] t.:tk; ) : Following BrandtandSanta-
Clara(2002),we simulatepathsof the statevariablesover smallerdiscreteunits of time usingthe
EulerdiscretizatiorschemgseealsoKloedenandPlaten1992):

pP—
Yen W= (80 (o8 e Oh+ by (39
men Moo= (k) g w fhe b (40)
en 1= (ohe (0 (42)

where~isa3 1 vectorof standarchormalvariablesandh = 1=M is thediscretizationntenal.
The Eulerschemempliesthatthe densityof fundamentagirowth over h is bivariate(since q.3 =
£:3 = 0) normal.

We approximatep( j ) with the densitypwm (] ); which obtainswhen the statevariablesare
discretizedover M sub-interals. Sincethe drift andvolatility coefcients of the statevariablesin
(6), (36) and(37) arein nitely differentiableand  Cis positve de nite, Lemmal in Brandtand
Santa-Clarg2002)impliesthatpy (j) ! p(j)asM ! 1 :

The Chapman-KImogorw equationimplies thatthe densityover the intenal (tg; tk+1) with
M sub-interals satis es
oM Ytees Yo tksr] vots ) =
Z7ZZ

Yoo Y% DD Oh; pv (Y Yoo smitk+ (M Dhj g te) d dydm;
(42)
where (y; meanvariancg; denotes bivariatenormaldensity Now py ( j ) canbeapproximated

by simulatingL pathsof the statevariablesin theintenal (ty;tx + (M 1)h) andcomputingthe
average

BV Vi Yoo tkend ootk Yoo Y% Oyn; o Oy 0 (43)

=1

The StrongLaw of Large Numbers(SLLN) impliesthatpy ! pw asL ! 1 :

To computeheexpectationn (38), we simulateseeralpathsof thesystem(39)—(41) "through'
the full time seriesof fundamentals.Eachpathis startedwith aninitial belief, {, = ; the
stationarybeliefsimplied by the generatomatrix : In eachtime intenal (ty;tk+1) we simulate
(M-1) successie valuesof yt(s) usingthe discreteschemdn (39),andsetyt(:‘) = Vi.: Theresults
in the paperuseM = 90 for quarterlydata,so that shocksare approximatecht roughly a daily

frequeng. Thepricing kernelandbeliefsalongtheentirepathof thes™ simulationareobtainedby



iteratingon (40) and(41). We approximateghe expectedikelihoodas

1% Yt .
L0 = g Bu ey YD itkead 5tk ) (44)
s=1 k=0

wherepy (j ) is the densﬂyapproxmatsdn (43). The SLLN impliesthat ™S)() 1 E[L()]
asS! 1 :Weoftenreport { = 1=S t(ks) which is the econometriciais expectationof
investors'beliefatty:

To extractinvestors'beliefsfrom pricedataaswell asfundamentalsve extendthe SML method
to asimulatedSMM methodthatin additionusesnformationcontainedn thetime seriesof price-
earningratiosandasetof Treasunbondyieldsobseredatthesamediscretesetof dates.To extract
modelparameterandinvestors'uncertaintyfrom assefprices,we usethe pricing formulasfor the
assetvalue and bond pricesin Propositionl and proceedasfollows: First, for given parameters

of the regime shift model, we usethe time seriesprobabilitiesf ¢, t, 0 Itered asshawvn
abore. Fromthesewe cancomputethe time seriesof model-impliedassetvalue-to-earningatios
andbondyieldsusingtheformulasderivedin Propositionl

$E, = C . P ()= Zlog®B() 1):

We notethatthe constant< s andthefunctionsB ( ) dependbothontheparametersf thefunda-
mentalprocesses, ; and,thekernelparameters, . Hence et the pricing errorsbe denoted

&, = \/}Etk V/Etkiil\tk( 1) iy (1) ;1\tk( 5) iy (5) ;

where, 1 = 3months, » = 1year 3 = 3years, 4 = 5years,and, s = 10years.Also note
thatsincethe pricing formulasarelinearin beliefs,1=S 55:1 C t(:) = C , (andsimilarly for
thebondyields),andnoinformationis lost by simply evaluatingthe errorsat the econometriciais
conditionalmeanof beliefs.

To estimate from dataon fundamentalsaswell as nancial variableswe form the overiden-
tied SMM objective functionasin (25). Themomentusedarethe errorsfrom nancial variables
andthe scoresof the log likelihood function from fundamentals.Sincethe numberof scoresin
%(tk) equalghenumberof parameterdriving thefundamentaprocesses1 , andthenum-
ber of pricing errorsis six, the statisticc in (25) hasa chi-squaredlistribution with six degreesof
freedom.Sincewe nd theprocessesf nancial errors,f e, g; to beserially correlatedwhile the
scoresarenot, we diagonallypartitionthematrix  into two parts: 1, and ,:1° 1 is estimated
usingthe Newey-Westcorrection(seeHamilton1994,Eq 14.1.19).

We nally describehestepsof therecursie EM algorithmto estimatehe model.

1. LetfP (”)g betheestimatederiesof bondpricesat eachdatefrom the estimatiorof iteration

n; startingwith P(O) = 1forall k: Let (M bethe estimatedparametersit the nth stage,
f (”)g betheseriesof ltered beliefs.

2. Approximatev,>™ = PE + P{") DQ; ateachdate,wherePE is themariet valueof the

S&P 500 at eachdate. DJj is the facevalue of nominaldebtat eachperiodandis given by

19As hasbeemnotedby severalauthorspriceearninggatiosandTreasuryYieldsfollow highly persistenprocesses
(seealsoFigure3). We nd thepricing errorsremaincorrelatedwith laggedvaluesof morethat24 quartersFor
example theautocorrelatiorof the 3-monthTreasunyBill with its 24-quartetaggedvalueis 0.33. We therefore,
usethe parameted in the Newey-Westcorrectionof 24.



P
its discreteapproximatiorof Assumption6 by DtQk = exp( Ezl (reg ts) 1=4)DtQO: The
empiricalassevalue-to-earningsatioatdatet is simply vV, 2 =Ey, : Letz{" = v,2"=D{ :
3. The expectationstepof the algorithmis trivial sinceby Corollary 1(i) for a givenf ¢, g

seriesP" is amonotonicfunctionof Z{" = v,2"=DQ: Thereforetheobjective function

to minimizeis simply the SMM objectivein (25)givenbyc() j (™); wherethedependence
of the objective on the previous parameteestimatesarisesdue to the assumedond price

seriesf P(”)g

4. Usingthe SMM procedureabore, estimatethe parameteratthen + 1ststage ("*1):

5. UsingPropositions, formulatethe bondprice at eachdateas

P(n+l) P(Z(n) (n). tt + T (n+1)):

ty * tg

6. Repeastepsl to 5 until thecorvergenceof (M,

In step4, ¢( ("D j My ¢ Mj (M) which impliesthatthe sequence( Mj (M) s
boundedandmonotonicallydecreasingndhencecorverges.

Selectionof Number of Regimes

We testfor the numberof drift statesfor the two fundamentakeriesin a univariateregime-
switchingframevork. To do this, we usethe likelihoodratio teststhat adjustfor the presencef
nuisancearametersinidenti ed underthe null hypothesigfor e.g.,underthe 1-statenull hypoth-
esis,the transitionprobabilitiesof a 2-statemodelare not identi ed). The likelihoodfunctionis
estimatedirom eachseriesusingthe SMM procedureabore, without useof nancial variables.
Computingexactcritical valuesfor the alternatve of two statesover the null of a singlestatevari-
ablewould be numericallyvery intensie. However, we foundthatthelikelihoodsarevery similar
to the casewherethe dataare obsered discretelyand usethe critical valuescomputedby Garica
(1998). For earningsgrownth, the log likelihoodratio (LLR) for the two stateover the singlestate
speci cationattainsa value 13.85,which hasa P-value of lessthanonepercent. The LLR for a
3-stateover a 2-statespeci cationis very smallof theorderof 10 3; suggestindnsigni cant gains
in modelingathird statefor the earninggdrift. For in ation, theLLR for thetwo statespeci cation
over the singestatespeci cationis 16.54,which onceagainhasa p-valueof lessthanonepercent.
The LLR for athreestateover a two stateis 13.21, however, we do not have analogou<ritical
valuesavailablein this case.TheLLR for afour stateover a threestatespeci cationhasa small
LLR of under10 2:

Appendix 3: Solvingthe N-State PDE by Projection Methods

We useprojectionmethodsdescribedn Judd(1999)to solwe the partial differentialequation
(PDE)thatsolvesthedensityof assetreturnsundertherisk-neutralmeasureThe nominalassete-
turnprocessindertherisk-neutrameasurés dVi=V = ridt + [ ( ) dW ;where J( ¢)isgiven
in Propositior2 (b). By usualno-arbitrageagumentsjt canbeshavn thattherisk-neutralassete-
turndensityfunctionover primitive statesindertherisk-neutraimeasureanbecharacterizetly the
usualFokker-Planckbackward equation(c.f., for e.g.,Karlin andTaylor 1982). The densityfunc-
tionf (z; ;t) satis esthePDEin equation(20). Theinitial conditionisf (z¢; ;0) = (z z),
where () standdfor the Dirac function,andthe lastargumentof f (; ) denotedime to maturity
To simplify the notation,we de ne thevectorfunction, ( )= ( 1( ); 2( ); ; n~( )% and,
analogoushfor (), \q,( ),and ( ). Wealsoomittime subscripts.
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De ne thefunctions

Al() = () (o€ )%
Ax() = v() v XC )E
As() = v X )C )% and
Ad() = () A NC H*
A1( ), andAs( ) areN 1 vectorfunctionsof , A,( ) is ascalarfunction,andA4( ) is an
N N matrix. NoticethatA;( ),i = 1, ;4 areordinarypolynomialsof nite lengthin . Now
furtherde ne
() = Al
ho( ) = Ai( ) i1As( );
- 2
n() = [r() 12 (C )+ Siad) HAs()

Now takinga Fouriertransformof the PDE (20) with respecto z andusing! 1 asafrequeng
variable,andfollowing it with a LaplaceTransformwith respecto the time to maturity , with
frequeng variable! , impliesthat

e )2 = 1% hy( )1+ hy( )+ Fha(); (45)

wherethe partialdervativesarewrittenw.r.t. thevector ,fore.g.,f = ff ,; ;f g, stands
for element-by-elememtultiplication,and1 standgfor the unit vectorof lengthN . For given! 1,

I 5, (45)isalinearPDEof theparabolictypein  with noknown explicit analyticalsolution.h( )

andhz( ) areordinarypolynomialsof order6in i, andh; is of order5. Thefrequeng variables
I 1 and! » canbethoughtof asparametersf the PDE. Anticipatingafuture Laplacelnversionwith

respecto! , of thesolutionto (45),we rst solve theslightly simplerPDE

1C )= 14" ha( )1+ T hy( ) + Thy( ): (46)

Dueto homogeneitythe InverseLaplaceTransformof the solutionof (45) with respecto ! 2, will
coincidewith €' 1% the InverseLaplaceTransformof the solutionof (46) with respecto ! » (the
logic is simply thate" 1% will passout of theintegral for the Laplacelnversionwith respecto ! »
). Thedif culty in formulatingan analyticalsolutionto (46) stemsmainly dueto thefactthatthe
systemcannotbeuncouplednto N separat©DEsin ;,i = 1; ;N.

We proceedby formulatingan "approximate'solutionto (46) using projectionmethods(Judd
1999,Chapterll).

STEP 1. Choiceof individual basisfunctions.We choosethe Legendrepolynomialsin eachof the
N dimensionsThelLegendrepolynomialson[ 1; 1] for thebasisin the n-thdimensionaregiven

by

_ ymdn 2ym1.
thm( n) = 2mm!dx—m[(1 DM;
form = 1;2; , whichsatisfytherecursie scheme
2m+ 1 m
On;m +1 (X) = m+ 1 XQn;m (X) m+ lCIn;m 1(x) (47)



andto restrictthemto the domain[0; 1], usepnym( n) = % wherek k denotesthe

L2 normon the spacep[0; 1]. Thefamily f pnm ( n)Om=1:2. g areorthonormalpolynomialsover
[0; 1].

STEP 2. Choosea basisof “complete’polynomialsover the space0; 1]\ . The basisof degreeM
for N dimensiongs givenby

X
PW = fpui,( 1); s pnin(N)i in M0 Qg sing

n=1
As explainedin (Judd1999,pp. 239), the setof completepolynomialsgrows polynomiallyin N,
asopposedo the tensorproductbasiswhich would useevery possibleproductof the deggree-M
individual basisfunctionsand hencewould grow at the rateof M N . The completepolynomials
asymptoticallyasM becomedarge, provide asgoodan approximationasthe tensorproduct,but
with far fewer elementg® Let M ¢ be the lengthof the completepolynomialbasis. Finally, write

}gecompletebassasf m( 1, 7 N)Om=1; mc, Where n( 15 ; N) = PP, Piy. for
n=1 In RM OR i1; ;in. Extendthe L2 norm over the N-dimensionalspaceas the N-
Egldmﬁgral o m( 1 ~n)d 1 dn,andaccordinglytheinnerproducts i; j> =
it s n)jCn 5 n)d 1 dn. It canbeveried thatthe basisof complete

polynomlalsm orthonormabn[0; 1]V .
STeEP 3 Let D(y) bethedifferentialoperatorassociateavith the PDE (45),i.e.
D(y)=(C )?+ 14" hi( )L + f ha( )%+ fhy( ): (48)

Thenary solutiorﬁ_,to the PDE, ¥, will bewrittenasD($) = 0. Write the candidatesolutionas
9C1 s n)= maam(ula) w5 N

STEP 4 Theapproximatioris madeby choosingcoefcient functionsan, (! 1;! 2) to solve themin-
imizationproblem:
Z, Z,
min D($)%d 1 d n: (49)
ar('1:'2) awc(1i'2) ¢ 0
The minimizationis nothingmorethana standardeast-squags problem,andyieldsthe M € rst
orderconditions(seethe GalerkinMethodin Boyd 1989)

<DMW( 15 ; N); m(1; ; N)>=0

form =1, ;MFC Becauseach n( 1; ; n) issimplytheproductof linearcombinations
of simple polynomials(seeEq. (47), eachof thef.o.c's leadsto a linear equationin the coef-
cientfunctionsan (! 1;!'2), m = 1, ;M. Moreover, dueto thelinearity, thesef.o.c's canbe
completelycharacterizeanalytically

David (1997)(Propertyl) shavedthateachupdatingprocess ig;i = 1  ;N;has’entrance'
boundariest0 and1 — neitherboundarycanbereachedrom theinterior of the statespacebut it
is possibleto considemprocessethatbegin there.ln suchcasesit is impossibleto imposearbitrary
valuesfor the candidatefunction at the boundaries. The M P entranceboundaryconditionsare:

2Fore.g.,for M = 4, thenumberof termsrequiredfor thecompletepolynomialapproximatiorisM ¢ = 1+ N +
N(N + 1)=2+ N(N 1)(N 2)=6.



R
01 D(9) sd =0 detelgmlnedmpllcnly by formulating(48) at eachpossibleboundary?*

B; of thehypersmplg 1 0 ;1 L

Overall, for eachvalueof thefrequenyg variables! 1; and! »; we have anoveridenti ed system
of M€+ MP linear equationsin the M ¢ unknavns &, (! 1;!2); m = 1; ;M¢; andconstant
terms. Denotethe (M ¢+ MP) 1 vectorof constantdrom eachequationasc(! 1;! »), andthe
(MC®+ MP) M ¢ coefcient matrixasA(! 1;! ,). Analogousto regressiorcoefcients, thebest-
tting setof coefcients satis es:

Bl lo)= AT(I5l) ACsls) A (gl of ol o)

STEP 5 At this point, the solutionto the PDE canbewritten asthe LaplaceTransformof a Fourier
transform.We provide anapproximatebut very fastinversionprocedureof the LaplaceTransform
of thecoefcient function&y, (! 1;t) de nedimplicitly in
Z,
am(l1;12) = e 'an(! ut)dt: (50)
0

Any othervalid methodof inverting will sufce. In practice,the inversionis performedon the
Bromwichcontour:If a(! 1;! 2) is analyticin theregionReg(! 1) > ¢, then,

1 z ct+il

an(l 1;t) = e 2ta(l ;! )d! o (51)

2 i c il

for ary c > cp. A fastapproximationof (51) is obtainedusingthe Euler methodof Abate and
Whitt (1995). The methodhasbeenusedsuccessfullyin option pricing problemsby Fu, Madan,
andWang (1997)and Linetsky (1999). Evaluatingthe integral by a trapezoidakule, Abateand
Whitt shawv thattheintegralin (51) canbewritten asthe nearlyalternatingseries

A2 A A2 R : A+ 2 i
[ - - | = ] | e B .
wherec = A=(2t). Theserieds approximatedy theweightedaverageof partialsums
Xy
al(tt) = 2% Clsrak(! 1t); (53)
k=0
where
eh=2 A eA= - A+ 2 i
[ - - 1 .- = ] | e B .
Sr+k(! 15t) s Ream iz " j:1( 1YRe am ! —— ; (54)
andC’ = m Thechoiceof parameterd = 2ct, w andr is dictatedoby thedesiredaccurag.

A controlsfor the discretizatiorerror, which is boundedrom abave by %. For example,

A = 184 will leadto anupperboundof the orderof 10 8. AbateandWhitt suggesstartingwith
w = 11 andr = 15, andto adjustr asneeded.We have found thesevaluesto provide accurate

21For the four-stateproblemsthat we solve in this paper thereare 16 boundaries: ; = 0; and ; = 1; and
i=0, ;j=0forj6ifori=1 ;&



valueswhencomparingto Monte-Carlosimulations.Linetsky (1999)in hisexamplesnds r = 5
to give very accuratesaluesfor double-barriepptions.

Using the coefcients a(! 1; T t) in (51), we canwrite the Fourier transformof the asset
returnssimply as

_ X
f(ly, ;T tz) = €& am(' 1;t) m( 15 5 N (55)

m=1
Finally, to performthe Fourierinversionwith respecto thelog assewalueaswell asthecom-
putationof defaultablebondpriceswe de ne thefollowing functionsasin Scott(1997):
Ozt gy 5T t) = f(zyl=i+!q; ;T tO)=f(z;1=i; ;T t); and, (56)
B(ze;! 1 T ) = f(zwy T H)=F(z;0 T ) (57)

Then,by the FourierInversionformula(c.f., for example , KendallandStuart1977)the probability
distribution functionscanbewritten as

Z
1 171t g(z;!'1; T 1)
i(Zy; otT) = 2+ = Re 222072
i(Ze; ¢ ) > 0 e i,

dr o (58)

Lemma 2 The partial delta of defaultablebond pricesin Proposition5 with respectto the log
solvencyis givenby

PAZi itT)= 5 BG) 2()+6() @ 1) wGN: (59
Thepatrtial deltaof the defaultablebondprice with respecto beliefsis givenby
P(Z; vttT) =B (;) 205)+B(;) 2+G(;) @ 1(;)) G(;) 1:(60)

Thepartial derivativeswith respecto log solvencyalue i, (; ), and,beliefs, ; (;),i = 1,2,
are providedin the proof.

Proof: We usethe M ¢ term polynomial approximationof the Fourier Transformf (! 1; ;T
t; z;) in (55) andthe characterizatioin Propositions. The partialderivativesof B( ; ) andG( ; )
are computeddirectly from thoseof f (! 1; ;T t;z) atthetwo points! 1 = Oand! ; = 1=i
respectrely. Similarly, the functionsg; andg, in (56) and (57) canbe written as serieswhose
partialderivativesareevident. Now by passingpartialderivativesunderthe integral of the Fourier
inversion,oneobtainsthe desiredfunctions.For example,
Z, il 110gK oo )
D@k GT 1) = 1 0 Re e 9 Oi EI! ]1_. ol  tz)

d! 1-

We cansimilarly nd j,(z;K; ;T t). Finally, usingthe productandchainrulesof differen-
tiation, andthe partialderivativesabove provide the statedexpressions.

Proof of Corollary 2. Using the partial dervativesin Lemmaz, the volatilities follows from a
straightforvard applicationof Ito's Lemma,andthe expectedreturnsfollow from the equilibrium
conditionthatexcesgeturnsequalnegative of thecovarianceof asseteturnswith thepricingkernel.
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